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The problem considered in this paper is the study and the control strategy design of semi-active
suspensions, featuring the regulation of both damping and stiffness. The first contribution of this paper
is the introduction and the analysis of two architectures based on the use of only controllable dampers,
which make possible the emulation of an ideal suspension with controllable-damping-and-stiffness.
This work presents an evaluation of the performances and drawbacks achieved by such suspension
architectures, also in a nonlinear setting (explicitly taking into account the stroke limits of the sus-
pension). This paper then proposes a new comfort-oriented variable-damping-and-stiffness control
algorithm, named stroke—speed-threshold-stiffness—control, which overcomes the critical trade-off
between the choice of the stiffness coefficient and the end-stop hitting. The use of a variable-damping-
and-stiffness suspension, together with this algorithm, provides a significant improvement of the
comfort performances, if compared with traditional passive suspensions and with more classical
variable-damping semi-active suspensions.

Keywords: semi-active suspensions; damping control; stiffness control; nonlinear systems

1. Introduction

Among the many different types of controlled suspensions (see, e.g. [1] for a detailed
classification), semi-active suspensions have received a lot of attention in the last two
decades, since they provide the best compromise between cost (energy consumption and
actuators/sensors hardware) and performance [1-20].

A classical semi-active suspension is characterised by the closed-loop regulation of
the damping coefficient; the electronic modulation of the damping coefficient is obtained
with magneto-rheological, electro-rheological, or electro-hydraulic technologies. In the
last years, variable-damping semi-active suspensions have had a large growth, and today
they are employed over a wide range of application domains: road vehicles suspensions,
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cabin suspensions in trucks or agricultural tractors, seat suspensions, lateral suspensions in
high-speed trains, etc. [1,11,13-15,21-51].

The research activity in this field is carried out along two mainstreams: the development
of new technologies for semi-active actuation systems [6,52-54], and the development of
new control algorithms and control strategies for such systems [19,43-45,55-58]. This paper
belongs to both of these research areas: the application of controllable shock absorbers in the
suspension system architecture capable of modulating both the damping and the equivalent
stiffness coefficients is presented; based on this kind of system, a new control algorithm is
also developed and discussed.

While the modulation of the damping coefficient is commonly used and can be easily
obtained with different technologies, the control of the spring stiffness is a much more subtle
and elusive problem. It is well known that classical load-levelling or slow-active suspensions
based on hydro-pneumatic or pneumatic technologies are subject to spring-stiffness varia-
tions, but the stiffness change is more a side-effect than a real control variable [9,35,55]. A
variation of the spring coefficient can be achieved in active suspension (see, e.g. [11,59,60]
and references cited therein). However, the goal of this work is to devise a genuine variable-
damping-and-stiffness suspension system in a semi-active framework: with only controllable
shock-absorbers with a fast switching of damping. Thus, the resulting system is charac-
terised by the so-called “passivity constraint’: no or relatively little power is injected into
the suspension system [1].

The research area of variable-damping-and-stiffness suspensions in a semi-active frame-
work is still largely unexplored; a few works have been proposed on this topic [34,35], mainly
focused on the description of variable-damping architectures capable of approximating an
ideal variable-stiffness suspension.

This work contains (to the best of our knowledge) innovative contributions in many
directions:

e Two different suspension architectures are presented, capable of reproducing a variable-
damping-and-stiffness suspension system, based on the contributions in [34,35].

e A detailed analysis on the advantages and trade-offs of the two variable-damping-and-
stiffness suspension systems is developed. Obviously enough, if we consider the comfort
objective for variable-damping semi-active suspension [12,19,58] during a standard work-
ing condition, a ‘soft’ spring ensures the best performance. On the other hand, this setting
requires awider stroke travel, so if the road disturbance is particularly exciting, the end-stops
can be hit and the performance decreases dramatically. On the contrary, an *hard’ spring
decreases the chance of end-stop hitting, but the filtering capabilities of the suspension are
poor. A control of the stiffness is able to overcome such a trade-off. To this purpose, an opti-
mality analysis is performed using the framework of the optimal predictive control, based on
the assumption of full knowledge of the road disturbance [3]. This result provides a numeri-
cal estimation of the performance limits of a suspension with variable damping and stiffness.

e An innovative control strategy suited to variable-damping-and-stiffness suspensions is pro-
posed. The algorithm presented herein is named stroke—speed-threshold—stiffness—control
(SSTSC): it is based on the recently developed mixed sky-hook (SH)—Acceleration Driven
Damping (ADD) rationale [14] for the control of variable-damping suspensions.

The work presented herein is focused on a single-suspension of a road vehicle (hamely a
two-mass quarter-car suspension system). The control objective is the minimisation of the
vertical acceleration of the vehicle; this is the so-called ’comfort-objective’. Most of the
control strategies in the vast literature on semi-active suspension are designed according to
this performance index, which has been also adopted by the 1SO standard for the comfort
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measure ([12,19,58] and reference cited therein). The design of an optimal comfort-oriented
damping strategy has been an open issue for the last decades. Recent works presented damping
rules for classical semi-active suspensions that can be considered optimal for comfort purposes
[14,44,61].

In order to assess and to compare the closed-loop performance of the control strategy
discussed in this paper, a numerical (simulation) approach, based on frequency-domain and
time-domain analysis, is used. The performance assessment is made on streamlined models
of the suspensions.

The outline of this paper is the following: in Section 2, the problem of approximating a
semi-active suspension with variable damping and stiffness is discussed, and two architectures
are introduced; in Section 3, the analysis of the suspension trade-off is described, and filtering
limits of a variable-damping-and-stiffness suspensions are numerically evaluated, using a
predictive optimal control approach; in Section 4, the SSTSC control algorithm is proposed
and discussed. Section 5, ends the paper with some conclusive remarks.

2. Introducing stiffness control in a semi-active suspension

This section is devoted to the introduction and comparison of three quarter-car models as
reported in Figure 1 (see for details, e.g. [1,9,12,42]). The first ideal suspension (IS) model
describes an IS system with variable damping and stiffness. The other two architectures
(activation damper system (ADS) and double suspension system (DSS) models), based on
semi-active devices, can approximate the ideal system, and can be implemented in practice:
these two architectures based on passive devices were previously introduced in [34,37] and
herein generalised to a semi-active framework.

Quarter-car model of an 1S with variable stiffness and damping:

MZ(t) = —c(@)(2(t) — 2t()) — k(0)(z(r) — z2t(t) — As) — Mg
M7z = +c(@)(2(1) — 2t(1) + k() (z(t) — zt(t) — Ag)+
—ki(ze(t) — zr(t) — Ap) —mg 1)
c(t) = —Bc) + Bein(t)  cmin < Cin < Cmax
k(t) = —yk(t) + ykin(®)  kmin < kin(t) < kmax

M

77777 Ve, T

Figure 1. Quarter-car suspensions systems. From left to right: IS with variable damping and stiffness (IS); DSS;
double springs with ADS.
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Quarter-car model of a DSS:

MZ(@) = —ki(z(t) — 2(t) — As1) — c1(0)(2(t) — 21(1)) — Mg
mzZi(t) = +ka(z1(t) — ze(t) — Ag2) + c2()(21(t) — 22 (1)) +
—kt(z¢(t) — z: () — Ap) — mg)

¢1(t) = —Ber(t) + Beiin(t)  cmin = c1in(f) < cmax (2
C2(t) = —Bca(t) + Beain(t)  cmin = c2,in(f) = cmax

Liy=La

Lz =Le

Quarter-car model of a suspension system with double spring and an ADS:

MZ(t) = —ki(z(t) — 21(t) — Ag1) — e (D) (2(@) — 21(1)+
—cs(0)(2(r) — 2(1)) — Mg
mz; (1) = +ka(21(t) — zt(t) — As2) + s (1) (2(7) — 2e(0))+
—kt(zt(t) — zr (1) — Ap) — mg) 3)
Cs(t) = —Bes(t) + Besin(t)  cmin = ¢sin(t) < cmax
Cr(t) = —Ber(t) + Berin(®)  emin = crin(t) = cmax
Lip = Ler

With reference to the diagrams in Figure 1, the symbols used in Equations (1)—(3) have the
following meaning:

M and m are the body mass (including the chassis, the engine, the passengers, etc) and the
unsprung mass (tyre, wheel, brake caliper, suspension links, etc.), respectively.

z(1), z¢(¢), and z,(¢) are the vertical positions of the body mass, the unsprung mass, and the
road profile, respectively.

e 7i(¢) is the height of the intermediate link between the two springs in models (2) and (3).
e ki and Aq are stiffness and the unloaded deflection of the tyre, respectively.
e c(t) and cin(¢) are the actual and requested damping of model (1), respectively. In the

architectures (2) and (3) ¢;(¢) and cj,in(¢) stand for the actual and requested damping of the
jth shock absorber, respectively.

B is the modulation bandwidth of the controllable shock-absorbers. cmin, ¢max 1S their
controllability range.

Considering model (1), k(z) and ki,(¢) are the actual and requested spring coefficients,
respectively. y is the bandwidth of the controllable spring. The unloaded elongation is given
by As which can assume two possible values according to kin € {kmin, kmax} (Kmin, kmax)
is the controllability range of the spring.

k; and A; are the stiffness coefficient and the unloaded deflection of the ith spring in
Equations (2) and (3).

L.; and L, are to the elongation of the ith damper and ith spring, respectively, in
Equations (2) and (3).

For simulation purposes, the following parameter values are used throughout the paper.

M

— 400kg, m = 50kg, k; = 250.000 N/m, kmin = 5000 N/m, kmax = 40, 000 N/m, k; =

5700N/m, k; = 40,000N/m, cmin = 150Ns/m, cyax = 3900Ns/m; y = 8 =40- 2x.
The following nominal parameters are used: cpom = 1500 Ns/m, knom = 20, 000 N/m
[19,44,62]. Note that the parameters are those of a standard European sedan (very similar
to the one used in [19]). In order to explore the effect of the stiffness control, a relatively high



08: 31 2 Decenber 2010

Ml ano] At:

Downl oaded By: [Politecnico di

Vehicle System Dynamics 5

(k2) and a relatively small (k1) have been adopted. Those stiffness values may bring obnoxious
movements of the suspensions, without an appropriate control of damping.

Models (1)—(3) are dynamical systems. They are constituted by a second-order differential
equation for the body mass dynamics and a second-order differential equation for the unsprung
mass vertical dynamics.

With reference to models (1)—(3), the following remarks are due:

e The models are nonlinear due to the fact that the damping coefficients c(¢) are state variables.
For model (1) also the stiffness coefficient k(¢) is a state variable.

e Thanks to the assumption of first-order dynamics of both the damping and stiffness, if
the ith damping control variable is limited (cmin < ci.in(f) < cmax), also the actual coeffi-
cient remains in that interval (cmin < ¢; (#) < cmax). Similarly, for model (1), the condition
kmin < kin(t) < kmax imp“es kmin < k(t) < kmax. The parameters cmin, Cmax, kmin» kmax
represent the limits of the actuators.

e The models adopted for the controllable dampers and springs differ from the ideal behaviour
(ci(t) = ciin(r) and k(t) = kin(2)) since first-order linear dynamics are assumed. The ideal
behaviour can be approximated by using y — oo and 8 — oo an experimental evaluation
is reported in [44]).

e The spring and the damper that constitute a suspension must have the same relative elonga-
tion since these devices are linked. This constraint is guaranteed by the algebraic relations
Ly = Lo and Ly, = Lo, (model (2)), and Lyy = Lgr (model (3)).

2.1. Remark: stability and robustness of 1S, ADS and DSS control systems

The controllable devices in models (2) and (3) are shock absorbers, which have no influ-
ence on the equilibrium point. The steady-state derives from the stiffness values of the
springs (and their unloaded length) and from the comprised masses. Model (1) may switch
between two different springs, so in principle two equilibrium points are possible. However,
with an appropriate choice of the unloaded lengths (As = Amin fOr kmin and Ag = Amax for
kmax), it is possible to obtain a unique equilibrium point regardless of the stiffness value
kmin and kmax-

Due to the presence of only variable damping, models (2) and (3) are strictly passive, hence
the equilibrium is stable and robust with respect to any control law of damping and any value
of the system parameters [63]. For stability analysis of model (1), assume an ideal (relatively
fast) switching of both the springs and the shock absorber. In this situation, the 1S model can
be regarded as a system commutating among four different stable linear modes. These are
characterised by the couples (¢min, kmin), (Cmin, kmax), (cmax, kmin) and (cmax, kmax). Each
ith mode of the switching system is associated with a state matrix A;. It is easy to see (by
solving the related Linear Matrix Inequality (LMI) [64]) that there exists a positive definite
matrix P, sothat A; P + A; P < 0 for any i. According to the results on stability of switching
systems reported in [65] (and references cited therein), model (1) is stable with respect to any
possible switching control (global uniform asymptotical stability).

As a first step, for control design purposes, it is interesting to understand if the three systems
(1)—(3) are comparable in their controllability range, that is, in correspondence of the boundary
values of the coefficients of controllable spring (as for model (1)) and of controllable dampers
(as for models (2) and (3)). This basic analysis has been first developed in [34], with reference
to the IS and ADS architectures. It is easy to see that:

o Ifthe damping coefficient c; () — oo, then the suspension system (2) is reduced to an ideal
quarter-car equipped with a classical semi-active suspension composed by spring &, and
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the variable damper c,(¢). Similarly, if the value of c;(¢) is comparable with c¢,(¢) , the
resulting suspension can be considered as an ideal quarter-car equipped with an equivalent
spring given by the series of k; and k.

e If ¢,(r) — 0, then the suspension system (3) is reduced to a standard semi-active system
with the shock absorber ¢s(z) and with an equivalent spring resulting from the series of k3
and k,. On the other hand, if ¢, (#) — oo the equivalent suspension is made up of the spring
k, and the controllable damper ¢;(7).

Table 1 summarises the passive settings used for comparison of the three configurations; the
comparison is done by considering the two extreme settings of the standard (single damper,
single spring) configurations: k = kmin; ¢ = c¢min, and k = kmax; ¢ = cmax. Figure 2 shows
the bode magnitude plots of the comfort transfer functions (from road profile z(¢) to the body
acceleration Z(¢)) for the systems (1)—(3), (for computation see, e.g. [14,56]). The graphs are
related to the two extreme configurations k = kmin; ¢ = ¢min, and k = kmax; ¢ = Cmax, repre-
sented in Table 1. Notice that the bode plots are nearly indiscernible. This confirms that the
three suspension architectures provide the same results in correspondence to the boundary of
controllability range.

It is interesting to observe that one of the possible implementation of DSS and ADS archi-
tectures may be based on the use of a standard hydro-pneumatic technology, constituted by:
an hydraulic cylinder; two accumulators with different sizes; two electronically controlled
electro-valves (EVs). By different positioning of the two EVs, it is possible to implement the
two different architectures (Figure 3):

e Inthe DSS architecture (model (2)), each EV manages the oil flowing in each accumulator.

e The ADS architecture (model (3)) can be implemented by plugging one EV in the common
pipe coming from the main cylinder (this valve, named EV-S, implements the damping
coefficient ¢5(¢)). The other EV regulates the flux towards one accumulator only.

Table 1. Parameters settings for the dynamical equivalence between the three
suspensions systems.

IS DSS ADS
k = kmin: ¢ = Cmin €1 = €2 = Cmin ¢r K Cs; Cs = Cmin
k = kmax; ¢ = cmAX €1 > €25 €2 = CMAX Cr > Cs; Cs = CMAX

60 Estimated transfer frunction from road profile to body acceleration

I T T T
50 |—— maximum damping and stiffness L A -
(models (1), (2), (3)) o — I {"\
= 40 e
o /' ! A
ke l/ A
= /\ // 2 N
T 30 - -
2 ” =T
g T |
2 20 P =
10 e minimum damping and stiffness
;,::; (models (1), (2), (3))
27
0 2
10+ 100 10!

Frequency (Hz2)

Figure 2. Comparison of the bode magnitude plots in extreme configurations of the three suspension systems
(Table 1). Model (1), blue solid line; model (2), green dashed line; model (3), red dotted line.
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Figure 3. Implementation of a DSS architecture (left) and a ADS architecture (right).

3. Analysisof suspensionswith variable damping and stiffness

In this section, the main advantages and trade-offs of a suspension with variable damping and
stiffness will be briefly analysed and discussed. In particular, the following two main issues
will be considered:

o What is the influence of the (fixed) spring stiffness, in a classical variable-damping semi-
active suspension?

e Assuming fast-switching damping and stiffness, what is the best possible performance
achievable?

The discussion of the above two issues provides the general framework for the development
of variable-damping-and-stiffness semi-active algorithms, which will be presented in the next
section.

3.1. Sensitivity to stiffnessin a variable-damping semi-active suspension

Today, variable-damping semi-active suspensions seem to be the best compromise between
achievable performances, complexity and costs of the system [1,6,21,23,28,45,62,66]. A sus-
pension system provided by a semi-active actuator appropriately controlled is the starting
point of this work.

In previous papers [14,42], it was shown the mix-SH-ADD control algorithm provides the
best performance, since it almost perfectly meets the filtering limit of a variable-damping
semi-active suspension.

The implementation of the mix-SH-ADD control algorithm requires a two-state controllable
damper; with reference to the notation in model (1), the control law is given by

cin(0) = cmax  if [(22 — a?22) < OAND 2(z — %) > 0] OR [(£2 — &?22) > 0
AND Z(z — z;) > 0]

cin(t) = cmin if [(Z% —a?z?) <OAND z(z — z;) < 0] OR [(2 — «?2%) > 0
AND 7(z — z;) < 0].

4)

This control rationale is extremely simple since it is based on a static rule, which makes use
of z, Z, (Z — z) only. This strategy is based on an effective time-domain frequency selector
which chooses appropriately either the SH control [29] or the ADD control [42], when the
suspension shows either low- or high-frequency behaviours, respectively.

Starting from the classical variable-damping architecture, the mixed SH-ADD has
been applied to the suspension model (1) with three different fixed values of stiffness:
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kin(t) = {kmin; knom; kmax}. These three variable-damping semi-active configurations have
been compared with the ’passive baseline’, characterised by fixed damping and stiff-
ness: kin(t) = knom, Cin(f) = cnom. The results of this analysis are condensed in Figure 4,
where the approximate frequency responses from the road profile to the body acceler-
ation are displayed (see, e.g. [42,43] and references therein, for the description of the
method used for their computation). Taking into account that available suspension travel
is assumed to be unlimited, from inspecting Figure 5, the following conclusion can be
drawn:

e By comparing the ’passive baseline’ (kin(¢) = knom, cin(t) = cnom), and the variable-
damping semi-active suspension with ki, () = k.., it is clear that the advantage of using
a variable-damping semi-active system: the filtering effect of the suspension is uniformly
better than its passive counterpart, with no undesired side-effects. For a detailed analysis
on optimality and sensitivity of rule (4) with respect to its passive baseline and system
parameters, interested readers are referred to [14,42].

Approximate frequency response from road profile to body acceleration

60 T T T
Passive baseline: k=k _.c=c P

50 2] =

A7 \\ S
-
40 % I =
N | | —T
30 2 Pl
A L r
20 P e e
Ky ax With semi-active MIX SH-ADD

MAX
/ Kpom With semi-active MIX SH-ADD

10 /
// K1, With semi-active MIX SH-ADD
| I

0
101 100 10°
Frequency (Hz)

AN

Magnitude (dB)

Figure 4. Approximate frequency response of three configurations (corresponding to three values of spring stiffness)
of a variable-damping semi-active suspension based on the mixed ADD-SH algorithm. For comparison, a classical
“‘passive’ baseline is shown.

Time-domain behaviour of z (t) [m] Spec trum of z(t)
0.08 T T -20
0.06 | 40
~
0.04 | T
-60
\\
0.02 | Bt
-80
0 s
-100
-0.02
-120
-0.04 4
—0.06 |- -140
_0.08 . . -160
0 50 100 150 107 10° 10’ 10°
time [sec] Frequency [Hz]

Figure 5. Standard road-profile z;(¢) (displayed in the time-domain, over a 150s time window and in the
frequency-domain).
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e By comparing the three semi-active configurations (with kin(t) = {kmin; knom; kmax}), it iS
clear that the lower is the suspension stiffness, the better is the filtering effect. Again, by
combining a low-stiffness suspension with a good semi-active control strategy, which avoids
undesired movements of the vehicle, there are no side-effects in terms of poor damping of the
resonances. Moreover, it is worth noticing that the effect of reducing the stiffness in a semi-
active suspension is larger than the effect of transforming a standard passive suspension
into a variable-damping suspension, with the same spring stiffness.

This simple analysis clearly shows the large potential benefit of changing the stiffness in
a classical variable-damping semi-active suspension. However, this analysis hides the fact
that the main side-effect of lowering the spring stiffness is that the actual suspension travel
grows; the available stroke of a suspension hence may become the real limit for a semi-active
suspension with an appropriate damping control.

In order to analyse how the introduction of the stroke limits affects the overall performances,
itis necessary to embed a modified model of the spring stiffness, and to define a simulation test
for the performance evaluation. An effective way of modelling the stroke limits (end-stops)
of a suspension is to redefine the equations on the suspension spring k(z) as follows (with
reference to Equation (1)):

k(t) = —B'k(t) + Bkin(t) iflz—zc— As| < A
k() =K if|z—zt— Ag| > A; K > kmax
kin(t) € [kmin, kmax]- (5)

Symbols in Equation (5) have the same meaning as the symbols of model (1). A is the available
stroke; K represents an ‘equivalent stiffness’ of the end-stop zone; it is much higher than kmax
(it is the typical stiffness of rubber bushings).

In order to highlight the trade-off arising from the introduction of the end-stops, the
following evaluation test is defined:

e A standard road profil Z;(¢) is designed as an integrated white noise (random walk), band-
limited within the frequency range 0-30 Hz (Figure 5). Its maximum amplitude is A =
0.07 m. Notice that this kind of signal is able to excite all the frequency of interest and
resembles a realistic mild off-road profile [40].

o During the test, the damping is controlled using the mixed SH-ADD algorithm. Again, the
variable-damping semi-active suspension system is compared with the range (kmin, kmax)-
The simulation test is repeated with and without end-stops (A = 0.2m is used, which
represents the typical available stroke for a suspension of a vehicle designed for mild
off-road conditions).

The effect of the introduction of the end-stops is displayed in Figure 6, where the body
accelerations 7(z) and the suspension travel z(¢) — z;(¢z) are plotted. Clearly, reaching the
end-stop causes a dramatic deterioration of the comfort performances.

The effect of reaching the end-stops may be also observed in the frequency-domain repre-
sented in Figure 7. This figure shows the approximate transfer function from the road profile
z¢(¢) to the body acceleration Z(r) of the suspension simulated with and without end-stops
(for the computation of the approximate transfer function of a suspension system fed by a
broadband signal see, e.g. [14,43]). Notice that the impulsive acceleration peaks caused by
the limited stroke travel and revealed in Figure 6 seem to affect the approximate transfer
function only beyond the wheel resonance (15Hz). This representation may be misleading
since the suspension performances seem to be comparable with the bandwidth of the main
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Figure 7. Approximate transfer function from the road profile to the body acceleration with and without end-stops.

system dynamics (0-15 Hz). Further, the acceleration peaks are so numerically represented as
a broadband noise beyond 15 Hz.

In order to better assess the suspension performances, the following indices can be taken
into account:

J G2 di
S G )2 de

Joi = Max |z — zl. )

(6)
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Figure 8. Disturbance transmission (left) and maximum suspension elongation (right) for suspensions with con-
trolled damping, with respect to the spring stiffness (k € [kmin, kmax1). Without end-stops (green line); with end-stops
(red line).

Both indices are computed assuming the standard road profile z,(z) as input. Note that
Equation (6) is the L, norm of Z(¢) normalised with respect to the L, norm of the road
disturbance z(z); it is commonly used as the comfort index for evaluating the suspension
system performances [1,5,19,51], and it represents a concise measure of the overall body
motion. The index (7) is very simple and provides a measure of the required stroke travel for
a particular working condition.

Considering a suspension with controllable damping and limited stroke travel, it is interest-
ing to understand the potential compromises related to the design of spring stiffness. Notice
that with damping control available, the choice of the spring coefficient can be driven by
considerations that differs from those for the classical suspension design. For this purpose,
the IS model (with damping controlled by rule (4)) has been fed by z(¢), and simulated with
several levels of stiffness (k € [kmin; kmax] With a 1000 N/m step). The results are summarised
in Figure 8, where the performance indices (6) and (7) are displayed. The analysis of Figure
8 clearly shows that:

o The dependence of the results with respect to the spring coefficient k is extremely nonlinear;
this is mainly due to the control of damping which introduces a strong nonlinearity into the
system dynamics.

e The best performances in terms of comfort are guaranteed by a suspension with unlimited
stroke travel. In this situation, a very low level of spring stiffness shows the best disturbance
filtering (the softer the better). Notice that this is ensured by the optimal control of damping
achieved by the SH-ADD rule.

e When the end-stops are included, a compromise arises in the suspension system. In terms
of body dynamics, the best spring stiffness is the softer spring that is simultaneously able to
avoid the end-stop (in Figure 8 this is k = 25 KN/m). Notice that, however, the disturbance
transmission is far to be as optimal as the one achieved with a soft spring and unlimited
stroke travel. It would be interesting to understand if an appropriate control of stiffness may
manage the stroke travel in a better way and provide good comfort without hard stops.

3.2. Optimal predictive control: the benchmark

Before developing algorithms to control both variable damping and stiffness (see next section),
it is useful to understand the lower bound of the filtering capability of such a semi-active
suspension system. This analysis is worked out in an ‘ideal’ setting: the IS model (1) is
considered, perfect knowledge (also in the future) of the road disturbance is assumed, and no
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limits on the computational complexity are given. This analysis is very useful since it clearly
sets a benchmark: every ’real’ algorithm must be compared with such a lower bound [14]
where a similar analysis is discussed for classical variable-damping semi-active suspensions).

Consider an ideal semi-active suspension with variable damping and stiffness and limited
stroke travel, as described by Equations (1) and (5). Consider that the parameters of the
controllable shock absorber and spring (cmin, cmax, kmin» kmax, B, and y) are fixed. Moreover,
assume that cijn (#) = {cmin, cmax} and kin (1) = {kmin, kmax} (two-state dampers and two-state
springs), so that the control action must select, at every sampling time, one out of four possible
damping-stiffness combinations:

(cin(t), kin(2)) = {(cmin, kmin); (Cmins kmax); (Cmax> Kmin); (Cmax, kmax)}-

Astheoretically proven in [42], this is a non-restrictive assumption for controllable suspension,
provided that the actuation bandwidth is sufficiently large, and the sampling time AT of the
digital controller is sufficiently small.

The design problem of the control algorithm can be reduced to the following: consider a
time window [0, T'], fixed initial conditions, and a given road profile zZ;(¢) and # € [0, T];
consider the global performance index

e Jy G2t
o Grle))? dr

find the sequence of digital control inputs (cin(1 - AT)kin(1 - AT)), (cin(2 - AT)kin(2 - AT))
- (cin(k - AT)kin(k - AT)) -+ (cin(H - AT)kin(H - AT)), H = T/AT, which minimises
J*. The solution of the above control problem provides the best possible control strategy
for the suspension, for that road profile.

In practice, it is impossible to implement in real-time such a globally optimal control
strategy on a real system; the main reason is that, in practice, the road profile is unknown.
Moreover, even if an a priori knowledge of z,(¢),t € [0, T] is assumed, the optimisation
task is formidable: the optimal solution must be searched among 4 possible sequences
of digital control inputs (if 7 = 10s and AT = 10 ms), this means that H = 1000, which
makes the optimisation task almost impossible to be dealt with). Even if this problem can-
not be solved in a real-time implementation, it can be solved numerically offline, if we
make some simplifying assumptions (hence considering a quasi-optimal predictive control
solution).

To this purpose, consider as input the integrated band-limited white noise introduced in
the previous section (Figure 6) appropriately scaled by a factor «, so that z,(z) = aZz(¢).
Moreover, use the mixed SH-ADD as the damping-control strategy (proven to be almost opti-
mal and computationally very low demanding). The only ‘free choice’ hence is the spring
stiffness. The stiffness control signal is refreshed with a frequency of 100Hz (AT = 10 ms),
and Q = 10 switches are taken into consideration, so that we have a prediction window
of AT - Q =100ms and T/(AT - Q) windows. It can be shown that O = 10 is a good
compromise between optimality and computational time (see Figure 9 and [14]). In every
time window, the optimal solution must be searched among 2% = 1024 possible sequences.
The optimisation task hence is tough but tractable, and the performance index J* of the
quasi-optimal predictive control strategy can be computed offline for increasing values of
the scaling factor « of the input signal (if @ =1, the maximum amplitude of the road
disturbance is 7.cm). The results of this numerical analysis are condensed in Figure 10.
They are compared with mixed SH-ADD on a traditional variable-damping semi-active
architecture.

(8)
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Figure 9. Performances of the quasi-optimal predictive control strategy, with respect to the predictive horizon Q.
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Figure 10. Comparison of the filtering performances of mixed SH-ADD with low spring stiffness, high spring
stiffness and the numerically-computed quasi-optimal lower bound, as a function of the road input scaling
factor «.

The results condensed in Figure 10 are very interesting, and can be easily interpreted:

e When the road disturbance amplitude is very small (hence it is unlikely to hit the end-stop)
the best performances are achieved with a suspension equipped with a soft spring (kmin)
and with a controllable damper ruled by the mixed SH-ADD algorithm.

e When the road disturbance amplitude is very large, the suspension equipped with a
hard spring (kmax) and with a damper controlled by mixed SH-ADD provides the best
performances in terms of overall comfort.

o For the medium amplitude of road displacement, an appropriate stiffness control (it quasi-
optimal predictive control) is able to overcome this trade-off and to ensure the best comfort.
The optimal filtering capability cannot be achieved by any traditional variable-damping
suspension system with fixed spring stiffness.

Considering the above results, it is clear that a variable-damping-and-stiffness electronic
suspension has the chance to outperform significantly a traditional variable-damping semi-
active suspension. Hence, the next key problem is the following: considering one of the
two ‘real’ architectures (DSS and ADS), is it possible to design a simple real-time con-
trol algorithm, which achieves the ‘best’ behaviour? This problem will be considered in the
following section.



08: 31 2 Decenber 2010

Ml ano] At:

Downl oaded By: [Politecnico di

14 C. Spelta et al.
4. Control strategies: the SSTSC algorithm

To overcome the trade-off previously presented, and to approximate the intrinsic filtering
limit of the suspension, this paper proposes a simple and innovative control algorithm named
SSTSC.

This algorithm consists of a dynamic regulation of the suspension stiffness coefficient based
on two thresholds (the first acts on the elongation |z — z|, the second on the elongation-speed
|z — zt| of the suspension), and on a sign-comparison of elongation and elongation-speed (two-
dimensional control). With reference to the symbols used in the IS (model (1)), the control
law is the following:

(kin(t) = kmin) AND (cin(r) = Mixed SH-ADD)  if (Jz — z¢| < te) AND ((|Z — Zt| < tes)
OR((z—z) - (z—z=0))
(kin () = kmax) AND (cin (r) = Mixed SH-ADD) otherwise
9)
where f, and 7, are the thresholds on the elongation and elongation-speed, respectively; these
two parameters are the two tuning knobs. Roughly speaking, when the suspension approaches
the end-stop or when elongation and elongation-speed have the same sign and elongation-
speed exceeds a specified threshold, the algorithm selects a high-virtual stiffness coefficient in
order to reduce elongation and to avoid suspension hard stops. In the other cases, the algorithm
selects a softer virtual stiffness coefficient, in order to maximise the performance. At the same
time, the damping of the suspension is regulated according to the mixed SH-ADD rationale.
In order to tune the parameters z, and f.s, an optimisation procedure has been carried out.
To this purpose, the closed-loop system is fed by the integrated band-limited white noise z, ()
(Figure 6) scaled for different values of « € [0.5, 1.5], and an “overall’ cost function is defined
as follows:

B 15
J* = / J*(a) do (10)
0

5
where

. T (Z@)?de T GE@)?de
J (@) = T = s ,
0 fo @G@)2dr  Jo a2 [ (Z(1))2dr
J*(a) represents the comfort performance index of the suspension with respect to the specific
input amplitude scaled by factor «. J* represents an averaged performance index, over a wide

interval of input amplitudes. Parameters ¢,, 7., thus, can be computed by numerically solving
the following optimisation problems:

(fe, fer) = argming, ; , (J*). (11)

The SSTSC strategy is designed with reference to the IS (model (1), with conditions (5));
however, it can be implemented in both the suspension architectures (2) and (3) (DSS and
ADS), according to the framework presented in Figure 11: the actual system is defined by
Equation (2) or (3), complemented with end-stop conditions (5); the control structure monitors
measurable states of the system (the body acceleration Z(z) and its integrated signals; the
suspension elongation z(¢) — z¢(z) and its derivative); according to Equation (9), the algorithm
selects the damping and stiffness coefficients cin(¢) and kin(¢), which are mapped into the
equivalent damping of DSS or ADS.

To assess the performances of the SSTSC applied to the DSS and ADS architectures, the
simulation activity (again, using the random signal of Figure 6, with the scaling factor «) has
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Figure 11. Implementation scheme of the SSTSC algorithm.

been repeated in different configurations:

e SSTSC coupled with mixed SH-ADD, implemented by the DSS architecture;

e SSTSC coupled with mixed SH-ADD, implemented by the ADS architecture;

e Mixed SH-ADD on traditional variable-damping semi-active architecture (evaluated for
kmin and kmax)-

The results are displayed in Figure 12, where the index J* is displayed, as a function of the
input scaling factor «. The following remarks can be done:

e The optimally tuned DSS and ADS implementations of the SSTSC algorithm provide a
similar performance. For a small road-input amplitude, the DSS architecture slightly out-
performs ADS; on the contrary, for intermediate values of the input amplitude, ADS is
slightly better.

e The SSTSC algorithm significantly outperforms the fixed-stiffness variable-damping semi-
active suspension systems: this clearly shows the potential benefit of a variable-damping-
and-stiffness suspension system.

e The SSTC algorithm does not reach the lower bound, computed with the quasi-optimal
predictive control strategy; however, the loss of performance with respect to the ‘ideal’
strategy is comparatively small.

The performance of the SSTSC in the DSS and ADS architectures displayed in Figure 12
are referred to an optimal tuning of their design parameters f, and .5, obtained by solving
Equation (11). However, it is important to analyse the sensitivity of the algorithms with respect
to different parameter tunings. To this purpose, the performance of the DSS and ADS archi-
tectures are displayed in Figure 13, with thresholds in the ranges ¢, € [0, 0.1] and ¢, € [0, 1].
For each architecture, the entire range of performance (from the best to the worst parameter
setting) is displayed. From Figure 13, it is easy to see that the DSS architecture shows a much
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Figure 12. Analysis of the performance of different suspension configurations and algorithms, as a function of the
input scaling factor a.
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Figure 13. Sensitivity to the algorithm parameters of the SSTSC algorithm, in the DSS and ADS implementations.

lower sensitivity to parameter tuning, especially for medium and large values of the road input
amplitude. Due to this very important additional feature, the DSS suspension architecture must
be preferred.

To conclude the section, Figure 14 shows a condensed summary of the performance (filtering
effect) of different suspension configurations, simulated with the nominal random road input
zr(¢) (Figure 6), as a function of its amplitude scaling factor «. Five different configurations
are compared:

e Two traditional ‘passive’ suspensions, characterised by the extreme settings (kmin, ¢min),
(kmax, cmax)-

e Two standard variable-damping suspensions, equipped with the mix-SH-ADD algorithm,
at two different fixed values of spring stiffness (kmin and kmax).
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Figure 14. Final comparison of different suspension configurations, as a function of the input scaling fac-
tor «. Continuous lines: passive suspensions; dashed lines: variable-damping suspensions; dashed-dotted line:
variable-damping-and-stiffness suspension.

e The best variable-damping-and-stiffness suspension; as discussed above, the DSS architec-
ture is preferable, thanks to its lower sensitivity to parameter tuning; the DSS suspension
architecture is equipped with the SSTSC algorithm (9).

e The quasi-optimal predictive lower bound is also displayed, to provide a lower bound of
the best possible performance achievable.

By inspecting Figure 14, the following conclusions can be drawn:

o By focusing on the three traditional passive configurations, notice that the spread of perfor-
mance is very large, and very dependent on the road-input amplitude. This clearly shows
that, in a traditional suspension, the problem of finding the correct trade-off to tune the fixed
values of damping and stiffness is a formidable task.

e By inspecting the two variable-damping semi-active suspensions, it is apparent that, thanks
to the variable-damping capability (if coupled with a wise algorithm), the spread of perfor-
mance is significantly reduced, when compared with the passive suspension. The benefit is
a higher robustness of performance in different road conditions. However, the choice of the
fixed value of stiffness is still a non-trivial issue, which has no unique solution.

o The variable-damping-and-stiffness semi-active suspension highly improves the robustness
of the suspension system, with respect to different road input conditions. Notice that the fil-
tering capability of the SSTSC-DSS suspension significantly (and uniformly) outperforms
any other suspension configuration (even if it is still not capable of fully exploiting the
theoretical capability of a variable-damping-and-stiffness suspension).

5. Conclusiveremarksand future work

Starting from a suspension with controllable dampers, this paper has studied how in a semi-
active framework, a control of the stiffness may improve the suspension performances. For
this purpose, two different suspension architectures (DSS and ADS), capable of implementing
‘in practice’ a variable-damping-and-stiffhess suspension, have been proposed and discussed.
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An analysis of the potential benefits and trade-offs provided by using a variable-stiffness
suspension system is proposed. Then, using an optimal predictive control framework, the
lower bound of the performances achievable with a variable-damping-and-stiffness suspension
system has been numerically computed. An algorithm (named SSTSC) for the joint control of
damping and stiffness is proposed and analysed.

This work has shown the remarkable potential benefits of a variable-damping-and-stiffness
suspension architecture, obtained with practically implementable suspension systems, and a
simple but effective control algorithm. This work represents one of the very first attempts to
study genuine variable-damping-and-stiffness semi-active suspensions systems. The research
on this topic is now being developed along two mainstreams: the set-up of a real suspension
system, for the experimental validation of the theoretical and simulation-based results obtained
in this work, and the further development of the control algorithm.
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