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Introduction to vectors

A vector is an array of real or complex numbers.

We can distinguish two types of vectors based on the “layout” of the elements that they

contain:
Column vector
Row vector X1
X2
X = [x1 X2 .. xn] X =] .
| Xn

Notation-wise, we denote a vector using a bold lower-case letter, such as x, and its i-th

element as x; (not bold, still lower-case letter)

In general, if not explicitly stated otherwise, we consider x to be a column vector
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Introduction to vectors

Column vector

Row vector X1
X2
x = [xl xz xn] x o .
xTL_

In both cases we have x € R™ (or x € C"*) and thus x; € R (or x; € C).

n > 1 is called the dimension of the vector and it's the number of elements it contains. We

say that x is an n-dimensional vector.

We define the transpose operator as (1) ':

X1 (V1]
x=[X1 X2 .. Xp| == x| = x.z and y = yz ) yT=[y1 Y2 o Yn]
| Xn | Yn |



Vector operations

Given two n-dimensional vectors, x,y € R"*, and two scalars «,f € R, we define the

following operations:

« Sum of two vectors

X1l [Vi] X1+ Y1
X Xy +
Z=x+y= :2 _I_)’:z _ 2:}’2
| Xn ] | Vn_ Xn T Yn.
Z=x+y=[X1 X2 . Xp]+[YV1 Y2 - Yn]=[x1F+Y1 Xoty2 .. Xpt W]

In both caseswe havez; = x; +y;,Vi,1<i<nandzeR"
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Vector operations

* Multiplication of a vector by a scalar

'x1 C('xl

X2 a-Xo
Z =00 X=u . = .

| Xn_ A Xn

Z:“-xza-[xl X2 .. xn]z[a‘xl a-xX, .. a'xn]

In both caseswe havez; =a-x;,Vi,1<i<nandzeR"
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Vector operations

- Linear combination of vectors: given two vectors x,y € R*, we define a linear

combination of these two as
Zz=a-x+p-y

This can be generalized to an arbitrary number k of vectors:

k
v Xq1,X5,..,X; € R" vectors
Z = (Xj . x]'

= v aq,a,,...,a; € Rscalars

The result is an n-dimensional vector, i.e. z € R"
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Vector operations

* Inner product of two vectors: given a row vector x € R" and a column vector y € R",

their inner product is defined as V1
y:x-y:[xl X9 xn]- 3’2
| n
=X1 Y1t X2 Y2+t X Yn
n
= z Xi* Vi
i=1

v' The result of the inner productis a scalar, y € R
v If y =0, then x and y are said to be orthogonal
v Itholdsthatx-y =y -xT (howeverx - y # y - x, this will be clearer shortly)

1xn nX1 nx1 1Xn
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Vector operations

« 2-norm of a vector: the 2-norm of a vector x € R", denoted as ||x||, (or simply ||x||). is

the square root of the inner product of the vector with itself

x|, = VxT - x if x is a column vector

1Xn nx1

x|, =+x - x7 if x is a row vector

1xXn nxl1

It is easy to see that ||x||, is a scalar since the inner product itself is a scalar

This concept can be generalized, the so-called p norm of a vector is defined as:

Il = ZW
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Linear independence

Given k vectors x; € R",1 < j < k, we say that these vectors are linearly independent if
their linear combination
Z=Qq1 X1 Tay X;+ -+ag-Xg =2a]--xj
j=1

is equal to the zero-vector0=[0 0 .. 0]" i.e. X% a;-x; =0, ifand only if

Otherwise, the vectors are said to be linearly dependent. If this is the case, as the name

suggests, at least one of them can be written as a linear combination of the others
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Linear independence: example (1)

Check if the following vectors are linearly independent

2
X1 = 3 Xy =
—1

H

We need to check if the following equality holds only fora; = a, =0

aq -

oA\ | UNIVERSITA
H (<ﬂ°f]' ¢ | DEGLI STUDI
™ DI BERGAMO

‘ d

al-x1+a2-x2=0

2
3
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3-a;4+2 a,=0
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Linear independence: example (1)

( 2-a1—0(2=0

<3‘a1+2'6¥2=0 —)

( a2=2'a1

3'“1"‘2‘2‘“1:0 )

K '_'CZ]_'4_ ;Z ‘ CZ;Z — ()

\—0(1+2-2-a1=0

9

fa2=2'a1

7‘a1=0

&3-(11:0

!

a1=a2=0

We can conclude that x; and x, are linearly independent
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Linear independence: example (2)

Check if the following vectors are linearly independent

AL

We need to check if the following equality holds only fora; = a, =0

al-x1+a2-x2=0
fZ‘a1+4'0(2=0

2 4 0
a;-| 3 |+az-|6|=|0f = {3-a;+6-a,=0
—1 —2 0
\ —aq — 2 - a, = 0
& ’.]';’.‘%"’:, UNIVERSITA | Dipartimento
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Linear independence: example (2)

(2 -a;+4-a,=0 This is an indeterminate system because all the equations

amount to

A

3-a,4+6-a,=0

a,+2-a,=0 wmp [nfinite solutionsja; = -2 a,

\ —aq — 2 a, = 0
Since there exist a{, a, #+ 0 for which the equality a, - x; + a, - x, = 0 holds, x; and x, are

linearly dependent. As a further proof, we can see that

X, =2+ X1 ay-xX1ta - x,=0
2 \\Z\\\i::\\\\T27€¢H;2qn=0
x1=[ ] x2=l6] (a1 +2-a,) x;,=0

—2
a, = —2 Uy
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2. Matrices

a. Rectangular matrices
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Introduction to matrices

Differently from a vector, which was an array with just one column or one row, a matrix is

a collection of m>1 rows and n > 1 columns (a sort of “table”) of real or complex

numbers. A generic m-by-n-dimensional matrix A (or shortly mxn matrix) is

(d11  |A12 A1n

4 = a:21 a:22 a?n

Om1 aiz Amn
Column 2

1 Row 1

A € R™™ (or 4 € C™™) and

thus a;; € R (or a;; € C)

Notation-wise, we denote a matrix using an upper-case letter (not bold), such as 4, and its

(i,j)-th entry (i.e. the element on the i-th row and j-th column) as a;; (lower-case letter)
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Introduction to matrices

A matrix A € R™" for which the number of rows is different from the number of columns

(m # n) is called a rectangular matrix. Vice versa, if m = n, then we are dealing with a

square matrix (4 € R™*")

A vector is the simplest rectangular matrix

x=[X1 X2 .. xp]e R x=|.]eR™!

Thus, many of the concepts that we will see for rectangular matrices also apply to vectors
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(Rectangular) matrix operations

The transpose operator (-)' that we have seen for vectors can be

easily extended to

matrices:
a21 a 2n a12 azz amz
A= . : : =) Al = : :
mXxXn ¢ ° . nxm . : .
Am1  Am2 Amn_ A1n  Aon Am
Some properties of (-)' :
A € RM*Xn AT € RXm
becomes v (AN =4
a;; — i
tj Ji ‘/(A-I-B)TzAT-l-BT
v (A’B)T:BT-AT



Matrix transpose: example

Calculate the transpose of the following matrix:

DN =
NI
ON|| U1

1] 2 :

The first column of A becomes the

first row of AT and so on..
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(Rectangular) matrix operations

- Sum of two matrices: given two matrices A € R™*™ and B € RP*?, their sum A+ B is

defined if and only if both dimensions match, i.e.m = p and n = q. We have

C=A+8B

mXxXn |m><n| |m><n|

must match!

The entries of the resulting matrix C € R™*" are calculated as:

Vi,1<i<n

cij = dij + by Vji,1<j<m
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(Rectangular) matrix operations

« Product of a matrix by a scalar: given a matrix A € R™*" and a scalar € R, their

product

C=p4-A

mXxn mXxn

results in a matrix ¢ € R™ "™ whose entries are calculated as:

Vi,1<i<n

=P ay vi,1<j<m
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(Rectangular) matrix operations

« Matrix product: given two matrices A € R™*"™ and B € RP*4, their matrix product A - B is

defined if and only if p = n. We have

C =A ‘B
mxq  mxp][7]xq
must match!

The entries of the resulting matrix C € R™*? are calculated as:
n

. Vi,1<i<n
Cik = ) aij - bjk

= Vk,1<k<q

Remark: given A € R™™ and B € R™" such that m # n, itis important to note that
A-B#B-A

mXn nxXm nxXm mXxn

—

mXm nxn
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Matrix product: example

Given the following matrices

1 2 3
4 5 6

A=[ and B =

CalculateC =A-Band D =B-A

Firstly, we need to check the matrices’ dimensions. We can see that 4 € R?*3 and B € R3*?

and thus we can compute both products

In particular, we will obtain € € R**? and D € R3*3

oA\ | UNIVERSITA
H (<ﬂ°f]' ¢ | DEGLI STUDI
™ DI BERGAMO

Dipartimento

di Ingegneria Gestionale,
geanera 0 - 25 /60

dell'informazione e della Produzione




Matrix product: example

Column b4
Row a4

113
_ 4. opol 2 3] |

Column b,
The formula c; = Y- a;; - bjx can be seen as the inner product between the rows of

A and the columns of B (which are basically vectors):

1
ci1 = Rowaq-Columnby=[1 2 3]: —7]=1-1+2-(—7)+3-0=—13
1x1 1x3 _O
3x1
3
ci1, = Rowaq-Columnb, =[1 2 3]: 8]=1-3+2-8+3-1=22
1x1 1x3 _1
3x1
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Matrix product: example

.. and so on. We obtain:

L 123 ~13 22
C=4-5= 456][78] —31 58

2X%X3 2X2

Using the same reasoning we can also calculate:

1 3] [1 5 3 [13 17 21]

D=B -A=|-7 8| =125 26 27

o 1 20 |4 5 ¢

2X%X3
3X2 3%X3

We can clearly seethat C # D

e 0~Ne | UNIVERSITA ‘ Dipartimento
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Rank of a (rectangular) matrix

Given a matrix A € R™*", its rank, denoted by rank(A), is defined as the number of linearly

independent columns (or equivalently rows) of 4

Some important properties are:

v rank(4) = rank(4")

v' 0 < rank(A) < min(m,n). In particular, if rank(4) = min(m, n), then A4 is said to have full
rank

v' rank(4) = 0 if and only if 4 is a zero-matrix (which is a matrix whose entries are all

zeros, a;; = 0 Vi, j), otherwise rank(4) > 1

oii¥naNs | UNIVERSITA | Dipartiment
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Matrix rank: example

Calculate the rank of the following matrices
Column a4 Column a,

1|2
A=|[2||4
»2 |15 | [10

If A were to be full rank, we would have
rank(4) = min(3,2) = 2

However, we can clearly see that

Column aq = 2 - Column a,

That is, they are linearly dependent. Therefore:
rank(4) < 2
Since A is not a zero-matrix (rank(4) > 1) we

can conclude that rank(4) =1

7\ | UNIVERSITA
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2X2

We can clearly see that

a;-[1 5]+ay,-[3 7]=[0 O]
if and only if a; = a, = 0, which means

that the two rows are linearly

independent.
Therefore, B has full rank:

rank(B) = 2
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Outline

2. Matrices

b. Square matrices
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Square matrices

As previously seen, square matrices are a particular type of matrices which have the same

number of rows and columns

All the properties and operations that we have seen thus far for rectangular
matrices also apply to square matrices. However, matrices of this type exhibit some

additional and useful properties which we will now cover

Let us consider a generic square matrix A € R™*", we define

Antidiagonal of 4 (an1, a(n-1)2, - 1n)

Main diagonal of A (a4, a55, ... 1)
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Determinant of a square matrix

The determinant of a square matrix A € R™*", denoted by det(A), is a scalar which can be

computed recursively using the so-called Laplace expansion. There are two equivalent

formulations:
n | Anl
. . —flﬂ——m——aiﬁ a]{l aio - QAqn
det(A) — 2(_1)l+] . al] . det(Al]) 4= ail a:22 a?n]> 4= a?l Cl:22 a?nl
i:1 ailll an2 e Qpn _"aTLZ'_T-__aﬂﬁ
* j (column index) can be chosen freely, the | Aqq
summation is over i (row index) det(4) = (=11 aqy, -det(Ay) + -+ (=11 . q,, - det(4,,,)
* 4;;is the (n — 1)X(n — 1) matrix that is formed by Laplace expansion along the first

deleting the i-th row and j-th column of A column (j = 1)

Remark: the determinant of a scalar is the scalar itself
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Determinant of a square matrix

The determinant of a square matrix A € R™*", denoted by det(A), is a scalar which can be

computed recursively using the so-called Laplace expansion. There are two equivalent

formulations:
n @ @
- L VL U Ap— Q43 — ~—
det(d) = ) (~D™ ;- det(dy) , _[ah fn - [ y 1 o }
j =1 ailll An2 Ann Apn1 Qn2 aj:m
i (row index) can be chosen freely, the summation | Aqq Aip
is over j (column index) det(4) = (=D - a,; - det(4;,) + -+ (=D - q,, - det(4,,)
* 4;;is the (n — 1)X(n — 1) matrix that is formed by Laplace expansion along the first
deleting the i-th row and j-th column of A row (i = 1)
Remark: the determinant of a scalar is the scalar itself
/HA/A\QQ\ UNIVERSITA ‘ \
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Determinant of a 2x2 matrix

Let us consider a generic 2x2 matrix A € R**? and calculate its determinant

A = [a11 a12]

a1 A2

2
det(4) = z(—l)Hj caq; - det(4y;) = (=D ayy - det(411) + (D2 - ay, - det(4;,)
=1

J
_ A1)~ G1y _ 411~ @1
. A = A=
Laplace expansion along the a1 |ayo [a21 ayz
first row (i = 1) A Aq;

= a,, - det(a,,) — a,, - det(a,4)

det(4) = ay; - a,; —aq; - Ay

/ﬁ;\qs UNIVERSITA partimer
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Determinant of a square matrix: example

Calculate the determinant of the following 3x3 matrix

0 5 1
A=10 6 2
1 7 3

Tip: use the Laplace expansion along the row (or column) with the most zeros. In this case, it is

convenient to expand along the first column (j = 1)

aiq A31
det(A)—Z( )i+ q;, - det(4y) r@-s-a am@) s 11 @}5 11
=[0 |6 2 A=10)-6-2 A=10 |6 2
_M 1 7 3 1 7 3 —/+—-3
11 + A Ayq 31

11
+(=1D)* ayr—det(dy,) _
T+ 4y, = l? g Ay = B ; Ay = 5 1]

+(—1)°*t - a3 - det(43q)
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Determinant of a square matrix: example

Calculate the determinant of the following 3x3 matrix

0 5 1
A=10 6 2
1 7 3

n
det(A) — Z(_l)i+1 cQjq det(Ail)
=1
= (—1)**' - a3, - det(434)

= vaer([g )

=5.2-6-1
= 4
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Properties of the determinant of a square matrix

Some important properties of the determinant are:
1. det(A") = det(4),vA € R

2. det(a-A) =a™- det(4),VA € R¥", Va € R

3. det(4-B) = det(A4) - det(B),VA, B € R™"

4. det(4) # 0 if and only if A € R™™" has full rank. If det(4) = 0, A is said to be a singular

matrix (vice versa, if det(4) # 0, A is said to be nonsingular or invertible)

_ 1 . . .
5 det(4™1) = Got(A for all invertible matrices A € R™*"
T, | mvemsma | Dot
% DI BERGAMO | dell'r \ 37 /60



Inverse of a square matrix
Before defining the inverse of square matrix, it is important to introduce the identity

matrix I, € R™" (or simply I):

1 0 .. 0
e
0 0 .. 1

I is a square matrix whose elements on the main diagonal are ones while all the other

entries are zeros

;if’/»f*qsﬁa, UNIVERSITA [ :
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Inverse of a square matrix

Given an invertible (or nonsingular) matrix A € R™*", or, in other words, a matrix 4 such

that det(4) # 0, there exists a unique matrix A=! € R™*", called the inverse of 4, such that
A- A 1=A"1.4=1]
Let us define B = A7, the entries b;; of the inverse of A are calculated as follows

— = 1 (—=1D)i*. d t( )
~ det(A) oA
Be careful: the order is flipped!

(-1t det(4;1) - (—1n+t. det(A,1)

1
N det(A) (_1)1+n ,. det(Aln) (_1)n+n .. det(Ann)

A—l

Remark: given two invertible matrices 4, B € R*" it holdsthat (4-B) ' =B"1.471

/ﬁ;\qs UNIVERSITA partimer
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Inverse of a 2x2 matrix

Let us consider a generic 2x2 matrix A € R**% and calculate its inverse

_ [411 412

1 |d22

A-1 = L (=D'*-det(4,,) (=1 det(43) A1y
det(4) (=112 .det(4,,) (—1)2%2.det(4,) A =[an—

az1 Qp2

A_l _ 1 . aAso —alz] AlZ A21
11 App — A12 * An1 —az; ai1 p [a' 1 alZl

An easy way to remember this formula is to “switch the entries on A‘&zz

22

the main diagonal of A and flip the sign of those on the @ al,
A=

antidiagonal”
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Inverse of a square matrix: example

Calculate the inverse of the following 3x3 matrix

0 5 1
0 6 2
1 7 3

In the previous example, we have seen that det(4) = 4 # 0 and thus A_s invertible

A =

The inverse of A is computed as

1 (=DM -det(411) (—1)**'-det(4y1) (=1)°*!-det(43q)
7 (—1)'*% - det(d1p) (—1)%*%-det(dyy) (—1)°*% - det(4s,)
(=D - det(413) (=1)%*% -det(A43) (—1)°*2 - det(4s3).

At =

e o\s | UNIVERSITA
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Inverse of a square matrix: example

6 2
_ _ A=1|0 6 2
det(Alz) = det(_g) g_) = —2 1 7 3
_ 0 6] _ _
det(413) = det(-l 7-) =0 - 1+1 2+1 3+1
T 1 (=1)*"" - det(411) (=1) -det(4,,) (1) - det(A3q)
det(A21) - det(_7 3_) - 8 A_l — Z ‘ (—1)1+2 ‘ det(Alz) (_1)2+2 ‘ det(Azz) (_1)3+2 ‘ det(Agz)
0 1 (=)' - det(413) (=1)** -det(4z3) (—1)°*° - det(A433)
det(Azz) == det( 1 3 ) = _1 _
i | 1 4 —(8) 4
_ 0 ST\ _ _ =—-[-(=2) -1 o0
det(A,3) = olet(_1 7_) = -5 T I
_ 5 17 _ L ]
det(43,) = det(_6 2_) =4 % —21 1
det(A32) = det(-o 1-) = 0 = E _Z 0
0 2 3 5
RS UNIVERSITA | Dipartimento
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Eigenvalues and eigenvectors of a square matrix

An eigenvalue of a square matrix A € R™*" is a scalar A € C that satisfies

A-v=1-v

nxn nx1 nx1

for some nonzero vector v € C". All nonzero vectors that satisfy the above equation are

called the eigenvectors of A corresponding to the eigenvalue 4

Some important remarks:

« An nxn matrix can have at most n different eigenvalues (in any case, A always has n eigenvalues but

some of them might be repeated)
 Evenif Ais areal-valued matrix, i.e. A € R"*", the eigenvalues and eigenvectors can be complex-valued
- Eigenvectors vy, ...,v;, corresponding to distinct eigenvalues 14, ...,4;, kK <n of a matrix A € R™" are

linearly independent. Eigenvectors corresponding to repetitive eigenvalues can be linearly independent,

but this is not necessary
e e, 5
g p g
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Eigenvalues and eigenvectors of a square matrix

We define the characteristic polynomial of 4 as

nt(A) =det(A-1—A)

nxn nxn

The eigenvalues of 4 are the roots of the characteristic equation

m(1) =0
Lemma: suppose that a matrix 4 € R™" has a complex-valued eigenvalue A, with corresponding
eigenvector v. Then, the complex conjugate of 4 is also an eigenvalue of A and the complex

conjugate of v is its corresponding eigenvector

Property: given the n eigenvalues of A4, 14, ..., 4,,, it is possible to demonstrate that

n
det(A) = Ay - - A, = ﬂai
[
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Eigenvalues and eigenvectors: example (1)

Calculate the eigenvalues and their associated eigenvectors of the following 2x2 matrix
_[—2 3
a=l7 2

We solve the characteristic equation
det(A-1—A4)=0

aet(a-[5 9-[2 3))-0
aer([ 17,7 =
1+2)-1+4)—-3=0
MP+6-1+5=0
A+5-1+1)=0

Thus, the eigenvaluesare 1, = -5and 4, = -1

i naNs | UNIVERSITA
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IN-DEPTH ANALYSIS

Eigenvalues and eigenvectors: example (1)

To calculate the eigenvectors associated to 4; and 4, we need to solve the following equations

A°v1=/11°v1 A'v2=/12'v2
-2 3 Val _ Va] -2 3 . vc'__'vc'
ll —4]'[7719-__5.-7719- ll —4] lvd-_ Vg |
vg—4-v, | [Up | v.—4-vy; | Lvgl
[—z-va+3-vb+5-va'_lol [—2-vc+3-vd+vc':[0'
va—4-v,+5-v, | 10 v, —4 vy + vy 0.
3-v,+3-1,=0 —v,+3-v;=0
Vg +Vp = v,—3-1v;=0
Vg = —VUp = 3.
—1 1% Vg 3
) v, = . ¢ —) '72:[1]
Va = —Up v, =3 vy
By choosing for example v, = 1 By choosing for example v; = 1

Dipartimento
di Ingegneria Gestionale,
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Eigenvalues and eigenvectors: example (2)

Calculate the eigenvalues and their associated eigenvectors of the following 2x2 matrix

1 -1
A=l 7
We solve the characteristic equation
det(A-1—-A4) =0 A2—2-24+2=0
1 0 1 =17 _
det(’l'[o 1]_[1 1_)_0 VA=/(-2)2-4-2=V-4=2j
A—1 1 7 :
= +
dee([" 70, 24])=0 LIy

A-1)2+1=0

Thus, the eigenvalues are 4; = 1 +j and its complex conjugate 1, =1 —j
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Eigenvalues and eigenvectors: example (2)

IN-DEPTH ANALYSIS

To calculate the eigenvectors associated to 4; and 4, we need to solve the following equations

A°v2=)12°v2

A-v =4 v
[ 7] [l =[]

v+ ) = @D [

[va_vb_va_j'va_ :l()]
Vg +Vp—Vp—j-vp] 10

i

Vel _ N Ve

’ lvd_ - (1 ]) _vd_

V- — Vg U1
[c d:(l_]’)._v;

Ve + Vg4,

[vc—vd—vc+j-vc' :[O]
0

Ve +vg —vg+ ] v4]

(. .
—j v, —1v, =0 V. — V=

) SV P Remember that Jve=va =0

1 .

kva—j-vbzo R vet+jrvg =0

(. .

Vg =] Vp 1 Ve = —] Vg4 1
) — ”1‘[—1'] C m— ”ZZH
v =j-v, complex conjugate of (e = —j vy

By choosing for example v, = —j

o \% | UNIVERSITA
| ¢ | DEGLI STUDI
At'ln'l " | pIBERGAMO
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di Ingegneria Gestionale,
dell'informazione e della Produzione

vqg must be chosen appropriately,|vg; =

48 /60



Triangular and diagonal square matrices

There exist some specific types of square matrices:

ai1
A= A= Az21  A22
_anl anz ann ann_
Upper triangular matrix Lower triangular matrix
(Some) nonzero entries on (Some) nonzero entries on

and above the main diagonal and below the main diagonal

These matrices exhibit some important properties:
* det(4d) = ay1-ax .. anp
« The eigenvalues are the entries on the main diagonal, 1; = a;;

H H/\I IH
alam )
QD

UNIVERSITA
DEGLI STUD
DI BERGAMO

L ann_
Diagonal matrix

(Some) nonzero entries only

on the main diagonal
Often denoted as:

A = diaglaq1,a22, -, Ann}
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Diagonalization of a square matrix

An nxn square matrix A is diagonalizable if and only if it has n linearly independent

eigenvectors. Suppose vy, ...,v,, € C" a linearly independent set of eigenvectors of A

corresponding to the eigenvalues 14, ..,4,, € C, then the diagonalized matrix A4, =
diag{1,,1,, ..., 4,,} can be obtained as
Ap =Tyt - A - Tp

nxn nxn nxXn nxn
a1 A1n
= [v1 vn] -1 : E .

0wl

anl Ty ann

The matrix T, has full rank because we assume that the eigenvectors are linearly

independent, thus itis invertible
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Diagonalization of a square matrix

Vice versa, the starting matrix A can be computed as
A=Tp-Ap-Tpt

Corollary: if A has n distinct eigenvalues, then A is diagonalizable

Note: the opposite of this corollary is false, i.e. if A is diagonalizable it does not imply that it has n
distinct eigenvalues. For example, the identity matrix is such that A, =4, =---=41,, =1, yetitis

diagonalizable

Diagonalizable matrices play a key-role in the computation of the matrix power and

the matrix exponential which in turn are necessary tools to analyze the stability of

dynamical systems

/Ar\ UNIVERSITA Jrtiments
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Diagonalization of a matrix: example

Diagonalize the following 2x2 matrix

-2 3
a=17 2l
In the previous example we have computed the eigenvalues and eigenvectors of A
/11 — _5 —1
3
Vi = =
1, =—1 ! [1] vz [1]

Matrix A has n = 2 distinct eigenvalues and is thus diagonalizable. We construct the matrix Tp:

Tp =[V1 V2] = [_11 ﬂ

“¥0aNa | UNIVERSITA
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Diagonalization of a matrix: example

We can now compute the diagonalized matrix Ap
R T P B PR Pl
—1 3[1 —1]’1 —4][

_"[1—1][5—1




Power of a square matrix

Given a square matrix A € R™" and a scalar integer k > 0, we define the k-th power of

the matrix 4 as

Ak = w Remark: A° = |
k times

Now suppose that A is a diagonal matrix, A = diag{a,¢, a,,, ..., a,,}, the computation of its

power becomes much simpler:

i - ) _ -k
a1 aii aii

0 k0

aso

o ~ || o - 0

Ak = azo

K — d k ok K
A" = dlag{all, ayo, ...,ann}
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Power of a square matrix

Instead of imposing A diagonal, we could only suppose A to be diagonalizable. That is, A

O ) /’ln
Let us substitute this expression inside A*

Ak=A-A .. A= (Tp -Ap-T3Y) - (Tp - Ap -T3Y) - .- (Tp - Ap - T5')

can be factorized as
A=Tp Ap-Tp1 A, =

—1 _
Ip™-Tp =1 Useful to demonstrate
=Tp -Ap-Ap - .- Ap - TD—l the stability of discrete
I time dynamical systems
=Tp-Ap-Tp !

Ak — TD y diag{)lk, Ak; JA;”CL} ) TD_l

e rh UNIVERSITA | Dipartiment
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Power of a matrix: example

Calculate the 37 power of the following matrix

-2 3
-
In the previous example we have diagonalized this matrix and obtained
-5 0 -1 3 1 —3
AD_[() _1] TD_[1 ] [
We can use these matrices to compute the power
1 -1 31 [(=5)? 1 —3
A3 =T, A3 .- T71=_"_. : ]
D D D 4 | 1 1. 0 ( 1)3 [
_ 1 =1 31 [-125 ][ -3
4 L1 14 0 —1 —1
_ 11 31 —125 375]
4 L1 14
_ 1 128 —372] [ ]
4 1-124 376 —94
UNIVERSITA | Dipartimento
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IN-DEPTH ANALYSIS

Exponential of a square matrix

Given a square matrix A € R™", we define its exponential as

0.0)

A 1 L 1 2
A=Y () =T+ A4 At
i=0

nxn

Now suppose that A is a diagonal matrix, A = diag{a,1,a,,,...,a,,}, it is possible to
demonstrate that

ednn_

e? = diag{e?11,e%22, ., e9nn}

/;\qg\ UNIVERSITA :
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L
IN-DEPTH ANALYSIS

Exponential of a square matrix

Instead of imposing A diagonal, we could only suppose A to be diagonalizable. That is, A

can be factorized as

A
A=Ty Ap- Ty ay=| -0 ]
O /’{n
Let us substitute this expression inside e4
— 1 w1 |
A=Y (W= ) o (T Ap Ty
=0 . =0 L TD .TD =]

1
_ . s . N . -1 Useful to demonstrate the
=I+Tp-Ap-Tp +2 (Tp - Ap -Tp ") - (Tp - Ap - Tp™) + stability of continuous
time dynamical systems

-1 1 2 -1
=[+Tp Ap Ty 4= -Tp A% Ty + -

Y

2
1 _
=Tp - (1 + Ap +§A12> + ) T =Ty-e40 Tyl |ed=Tp,- diag{e’ll,e’l% ...,eﬂn} - Tht
7 exponential of a diagonal matrix! .



Exponential of a matrix: example

Calculate the exponential of the following matrix

In the previous example we have diagonalized this matrix and obtained

Ap = [_05

We can use these matrices to compute the exponential

— A -1 _
_TD.e D.TD —

/oo | UNIVERSITA
i : | DEGLI STUDI
™ DI BERGAMO
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Az[_12 —4
TD=[_11 3] [1 —3
LR
1 -1 3 e 1 —3
4 l1 1] ] —1
1 =1 3 8—5 3.5
T4 L1 1l et e—1]
_1.[—8_5—3'8_1 3-e‘5—3-e‘1]=[
4 e —e1 —3.eg”—e 1

IN-DEPTH ANALYSIS

0.2776 0.2709
0.0903 0.0970
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Other (minor) definitions for square matrices

The trace of a square matrix A € R™" is the sum of its main diagonal entries

n n
v a;;: i-th entry on the main diagonal of A
tI'(A) = 2 Aij;i = 2 /11' . Y J
= = v' A;: i-th eigenvalue of 4

A square matrix A € R™*" that satisfies A" = A is called a symmetric matrix

A square matrix A € R™" that satisfies A" -A=A-A" =1 is called an orthogonal matrix.

Moreover, we have that AT = A4~1

A square matrix A € R™" is called positive-definite if vx € R" it satisfiesx" -4-x > 0

A square matrix A € R™*" is called positive-semidefinite if Vx € R" it satisfiesx" - 4-x >0
A square matrix A € R™" is called negative-definite if Vx € R" it satisfiesx" - 4-x < 0

A square matrix A € R™" is called negative-semidefinite if vx € R" it satisfiesx" -4-x <0
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