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1. Laplace Transform

2. Transfer function
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Outline

1. Laplace Transform
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Laplace transform

Given a continuous-time system — S -

L
ut) e =~ _U(s)

. . : Laplace
Differential Time i
erentia domain tranforms Algebraic
equations domain equations
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Laplace transform

Given a continuous-time signal f(t) : R = R, the Laplace
transform is a function F(s) : C-> R

Fs) = LIF(0)] = f f(Oestde
0

where s € C Is a complex number.



Why another transformation?

>t converts a continuous time signal, which is a real function, into a real
function of a complex variable.

> L|f(t)] is not defined for the values of f(t) fort < 0.

»Roughly speaking, it can be seen as the continuous version of the Z-
transform.

»The Laplace transform has some interesting properties that allow us to
analyze and solve continuous time dynamical systems.
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Example: step

1 t>20
step(t)={0 F <0

step(t)

0
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Llstep®]() = |

0

00)

step(t)e Stdt



Example: impulse

: 1 t=0
lmp(t):{o t#0

0.0)

L[imp(®)](s) = fo imp(t)e Stdt = 1

imp(t)
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Example: ramp

o= 126
(00
Llramp(t)](s) = f ramp(t)e Stdt
_Jo
= f te Stdt
. 0
— ; [_Se—Stt _ e—St](C;O
1
T 52
2 1 0 1I 2 3 4
Time
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Linearity

Given two signals f;(t) and £, (t) and «a, 8 € C then the Laplace transform of
the signal:

gt) =a- f1(t) + - f2(t)

is given by:
Llg(®](s) = foog(t)e_“dt = fooo[a O+ B f(D]e ™ dt
= ajo fl(t)e_Stdt+,B]O fo(t)e Stdt
=a- LIfi](s) + B - LIf1(s)
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Delay

Given a signal f(t) then the Laplace transform of the signal:
gt) =f(t—1)

IS given by:

0.0)

LIg(D)](s) = f g(t)estdt =

0

= foof(t — 1)e Stdt =
0

= e ST L[f (t)](s)
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Example
g(t) = 2step(t) — step(t — 4)

Then:
L[g(t)](s) — f g(t)e_Stdt —
0
= f [2step(t) — step(t — 4)]e Stdt =
0
0.0) > 2
=2 f step(t)e™stdt — f step(t — 4)e™>dt =~ -
; 0

e

—4S

S
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Translation in the transform domain
Given a signal f(t) then the Laplace transform of the signal:

gt) =e*f (1)
Is given by:

00)

LIg(D)](s) = f g(t)estdt =

0

= fooe“tf(t)e‘“dt = joof(t)em‘sﬁdt
0 0
=LIf(®)|(s —a)
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Example
g(t) = e*step(t)

Then:
L)) = | g@oede =
0
=f [e*step(t)]e Stdt =
0
=j step(t)e@=)tdt =
. s—a
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Transform domain derivation

Given a signal f(t) and its Laplace transform F(s):

F(s) = LIf (®)](s)
Then:
(0e) —St (0]
—F @) == [ fOS—de= | —tf@ede = £Itf(0)](s)
d 0 ds 0




Time domain derivation

Given a signal f(t) then the Laplace transform of the signal:
g(t) = —f (t)
Is given by:

LIg®ICs) =sLIf ()] — f(0)

LIS\
) =R S
,_T>‘/J;
V=12 /7
W [D)=42 /o
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Time domain integration
Given a signal f(t) then the Laplace transform of the signal:

gt) =] f(r)dr
0
Is given by:
LIgDI(s) = LIf(0)]

The Laplace transform converts derivation and integration into
multiplications. Thus, it can be used to solve differential equations.
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Initial and final value theorems

»Given a signal f(t) and defining F(s) its Laplace transform, then:

lim sF(s) = f(0)

S—+o00
»Given a signal f(t) and defining F(s) its Laplace transform, then:

Jlim_ £ (t) = lim sF (s)

/P 0A% | UNIVERSITA

Hi ﬂl/\l \ DEGLI STUDI | d

A@iam | DI BERGAMO
Q¥

18



Important transform

1 t=0

0 t#0 LIf1(®](s) =1

f1(t) = imp(t) = {

1 t=0

fo(t) = step(t) = {O {20

1
ﬁ[fz (t)](S) = E

t t=0

f3(t) = ramp(t) = {O o

LIfD1(s) = 8—12

1811

fa(t) = par(t) = {t()z t=>0

1
t+0 LIfa@®)](s) = 3
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Important transform

at
f5(t) = ex,(t) = {eo i i 8 “ Llfs(@®)](s) = p—
. w
folo) = {0 20 &) O =
) t=0 _
f7 () = {COS(S) 2 s G LIfFONS) = 7
29892




Polynomial form

Given a signal f(t) then:

N
LIFOI) = 1)

D(s)

Where N(s) and D(s) are finite degree polynomials.

« The roots of D(s) are called poles of the signal
* The roots of N(s) are called zeros of the signal
 Poles and zeros are singularities of L[ f(t)](s).
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Inverse Transform

Given a Laplace transform F(s), then the original function can
be derived by solving:

1 o+ joo
t) = -— F(s)e%'d
f(t) 27 ), (s)e®tds

Forall f(t) =0,whent < 0.

* The inverse transform can be easily obtained using the Heaviside
decomposition Not treated in this course

UNIVERSITA
A EGLI ST li Ingeg ,
@i 'n' ™" | DIBERGAMO | dellinformazior jella |

k)
A
2e80)

sor0ks,,

,;,,\_,(\’
& N,
7RI
H l/.—,\ln |2
\ alka/-

22



Outline

2. Transfer function
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Laplace transform of the movements

Consider the state movement of the continuous-time LTI system:

x(t) =A-x(t)+ B -u(t)
y(t)=C-x(t)+ D -u(t)

Corresponding at the input u(t) = 1(t), t = 0 and initial state X(0) = 0.
We want to compute:

« L [X](s): the Laplace-transform of the
« L [y¥](s): the Laplace-transform of the
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Forced state movement

We know that:

() 2%@t)=A-%@t) + B -t

Therefore:
LI[fI(s) = A-LIX](s) + B - L[u](s)
s-L[X](s) —x(0) =A-L|x]|](s) + B - L[1t](s)
s- L[X](s) — A - L[x](s) = B - L][u](s)
(s In—A) - LIX](s) = B - L[u](s)
L[X](s) = (s I —A)™" - B - L[u](s)

25



Forced output movement

We know that:
y(t)=C-x(t)+ D -u(t)

Therefore:

Lyl(s) =C-L[x](s) + D - L]u](s)
=C-(s-I,—A)~1-B-L[u](s) + D - L[] (s)
=[C-(s-I,—A)~1-B+D]- L[iu](s)
= G(s) - L[u](s)

B
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Transfer function

L[yI(s) = G(s) - L[u](s)

L[yl(s)
Llu](s)

=G(s)|=C(sl,—A)~B+D
t

2( ‘<<

Transfer function

The ratio between the Laplace transform of the forced output movement

and its corresponding input of a continuous time LTI system is a function

of s, called transfer function, that does not depend on the specific input,
but only on the system.
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Meaning of the transfer function

* The transfer function of a continuous time LTI system allows us to
compute the forced output movement using a multiplication

u(t) . y(t)
—_— —_—
U(s) (S) Y(s) =G(s) - U(s)

* Therefore, the forced output movement can be computed by
computing an inverse Laplace transform.

* It Is an external representation of an LTI system.



1

ad b-c

5 )

Example @ b
=[7 ol =]

Compute the transfer function:
G(s)=C(sl,—A)"B+D

=00 2y JJ-[7 ‘1])

—[1 2] ls+2 1]

S

- 21( -

=[1 2]

il oadl)

[(1)]+0

D=0




Example

-2 -1 ! B
A= ] B=|,] c=0 2
Compute the transfer function:
_ s —-17
G(S)_52+25+1[1 2] [1 s+ 2
1 S
_Sz+25+1[1 2].[1]
. s+2
 s242s+1
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Example

Now we can ignore the matrices A4, B, C and D and focus on the transfer
function:
S+ 2

sc+2s+1
Compute the forced movement with a step input:

u<t>=step<t>={(1) (20 ey ) -

G(s) =

S
Therefore:
s+ 2 1
LIS =6() L[W6) = 5575
B S+ 2
s34 2s2 4+
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The free movement

» Using the transfer function, it is possible to compute the output forced
movement

Stable System Unstable System
Free movement tends Free movement
asymptotically to 0 diverges to oo
The output computed The forced movement
with the transfer will be very different
function is from the actual one
asymptotically exact
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Transfer function interpretation

Consider a system with transfer function:
Iy
1S _ oy
L[u](s)

And the input u(t) = imp(t):

u(t)=imp(t)—{ i;g - Llu](s) =1
) o) LI = 6
=

The transfer function is the Laplace transform of the impulse
response of the system
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TF structure

G(s)=C(sl,, —A)™B+D

1 K(s) € R s the
(s, —A)~! = - K(s) adjugate matrix
" det(sl, — A) of sI,, — A

G(s) = CK(s)B D CK(s)B + D - det(sl,, — A)

~ det(sl,, — A) det(sl,, — A)




TF structure

CK(s)B + D - det(sl, —A) N(s)
det(sI,, — A) "~ D(s)

G(s) =

D(s) = det(sl,, — A)
The denominator is the characteristic polynomial ¢(s) of the matrix
A

N(s) = CK(s)B + D - det(sl,, — A)
The numerator is a polynomial in s

0
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Remarks on the denominator
D(s) = ¢(s) = det(sl,, — A)

> It has degree p =n

» For the fundamental theorem of algebra, it has n roots that are called poles
of the system.

» The roots correspond to the eigenvalues of A

» We can assess the stability of the system by looking at its poles: the system
IS asymptotically stable if the poles of its transfer function have

negative real part: Re(s;) <0
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Remarks on the numerator
N(s) = CK(s)B + D - det(sl,, — A)

* The roots of the numerator are called zeros of the systems.

* The polynomial CK(s)B has always degree <n

System strictly proper ‘ D=0 ‘ N(s) has degree m <n

System proper ‘ D +#0 ‘ N(s) has degree m = n
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Simplification

* There are cases when N(s) and D(s) have one or more common
roots that cancel out in the transfer function.

* If this happens the system has some non-observable components
In the input-output relation.

* In order to understand this concept, we will use an example.
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Example
A=t 0 =[]  c=n 1
The transfer function Is:

G(s)=C(sl,—A)"*B+D

SRR A R

_ 1 s+ 3
G610 Gr -7

1
" G+4)-(s+3)

[T 1] L"+4

D=0

a bl
c d

ad b-c

5 2

524]'[(1)]
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Example

-4 0 10 _ _
a=7 Z B=|,] c=n 1 D=0
The transfer function Is:

P
G(S)‘W)-(sm)

B 1
s+3

To understand what this zero-pole simplification means let’'s look at
the state-space representation.
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Example A=[_14 _03] B=[(ﬂ c=[1 11 D=0

x(t) =A-x(t) + B - u(t) »
y(t) =C-x(t) +D - u(t)

Since the transfer function computes only the forced movement:
x1(0) = x,(0) =0

(%,(t) = —4x, (D)
%2(8) = x1.(8) — 3x,(8) + u(®)
(O =10 + x(6)

A

therefore:
for this reason, the forced movement of this system is the same as the one from:

{x'z(t) = —3x,(t) + u(t)
y(t) = x,(t)
that has as transfer function:

1
G = —
(s) s+ 3

e oas | UNIVERSITA o
H N{.—.\Jw\;z ‘ DEGLI STUDI | di Ingeg ,
\lal2 /" | pIBERGAMO | dellinformazione e della | ‘ 41

£ER2R



Remark: simplification

Consider the case when there are c zero-pole simplifications:

» The degree of the denominator becomesp =n —c

» The degree of the numerator becomes m <n—c

»p =mifand only D # 0, i.e. the system is not strictly proper

» There are c eigenvalues of A that are not poles (the simplified ones)

»\We can assess the stability with certainty using the transfer function if and
onlyifc=20
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Static gain
Recalling that:
G(s)=C(sl,—A)"B+D
we can note that:
G0)=C-1,—A)1B+D

=—CA™'B+D

= U
where u Is the static gain of the system.

It is not defined if the denominator D(s) is such that D(0) = 0.
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