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State-Space Representation
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SISO → Single Input Single Output

𝒙 𝑡0 = 𝒙𝟎

൝
ሶ𝒙 𝑡 = 𝑓 𝒙 𝒕 , 𝑢 𝑡 )

𝑦 𝑡 = 𝑔 𝒙 𝒕 , 𝑢 𝑡
𝒙 𝑡 ∈  ℜ𝒏State Equation

Output Equation

Initial state

𝑦 𝑡 ∈  ℜ
scalar

𝑢 𝑡 ∈  ℜ
scalar

MIMO → Multi Input Multi Output 𝑦 𝑡 ∈ ℜ𝒑

array

𝑢 𝑡 ∈ ℜ𝒎

array

State variables are internal variables (𝒙(𝒕)) of the system whose knowledge at the time 𝑡0 is the 
minimum amount of information needed to determine the output 𝒚 𝒕  due to the input 𝒖(𝒕), for all 
𝑡 > 𝑡0

The generic state-space representation of a time-invariant continuous time nonlinear dynamical 
system



State-Space Representation
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When there are no input variables, the system

Is defined as autonomous.
ሶ𝒙 𝑡 = 𝑓 𝒙 𝒕

When the function 𝑓 𝒙, 𝒖  is linear in 𝒙 𝒕  e 𝒖 𝒕 , the system is linear time-
invariant (LTI):

with 𝑨 ∈  ℜ𝒏,𝒏, 𝑩 ∈  ℜ𝒏,𝒎, 𝑪 ∈  ℜ𝒑,𝒏 e 𝑫 ∈  ℜ𝒑,𝒎.

ቊ
ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡)

𝑦 𝑡 = 𝐶𝑥 𝑡 + 𝐷𝑢(𝑡)



State and output movement
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Given an input function 𝒖 𝑡 = ෕𝒖 𝑡 (t ≥ 0), and the initial condition 𝒙0, we can easily compute how
state and output evolves throughout the time, for t> 0.

The functions ෕𝒙 𝑡 (t ≥ 0) and ෕𝒚 𝑡 (t ≥ 0) are respectively called state movement and output
movement.

ቊ
ሶ𝒙 𝑡 = 𝒇(𝒙 𝑡 , 𝑢 𝑡 )

𝑦 𝑡 = 𝑔(𝒙 𝑡 , 𝑢 𝑡 )

State movement 

If we integrate the first equation we obtain the state movement ෕𝒙 𝑡  

Output movement 

Substituting the result in the second equation, we get the output movement ෕𝒚 𝑡  



Example: SIR model

Basic reproduction number: the spread of an 

infectious disease starts if >1

Infections rate

Recovered/death rate
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Example: SIR model
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Example: water tank

is the solution of the differential

equation
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Equilibrium
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If we enter constant inputs 𝑢 𝑡 = ത𝑢 we obtain movements of the state and output that are also 

constant over time.

These movements are called equilibrium states and outputs. Equilibrium states must satisfy the 

equation ሶ𝑥 𝑡 = 0

ቊ
ሶ𝒙 𝑡 = 𝒇(𝒙 𝑡 , 𝑢 𝑡 )

𝑦 𝑡 = 𝑔(𝒙 𝑡 , 𝑢 𝑡 )

𝑢 𝑡 = ത𝑢 , 𝑡 ≥ 𝑡0

𝒇 ഥ𝒙, ഥ𝒖 = 𝟎

State of Equilibrium

Movement of the states 𝑥 𝑡 = ҧ𝑥 constant over time with 𝑢 𝑡 =

ത𝑢

Equilibrium output 

Movement of the output 𝑦 𝑡 = ത𝑦 constant over time with 

𝑢 𝑡 = ത𝑢



Example
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M

m

l

ϑ

x
ሶ𝑥1 𝑡 = 𝑥2 𝑡

ሶ𝑥2 𝑡 = −
𝑢 𝑡

𝑙
𝑐𝑜𝑠 𝑥1 𝑡 +

𝑔

𝑙
𝑠𝑖𝑛 𝑥1 𝑡 +

𝑏

𝑚𝑙2
𝑥2 𝑡

𝑦 𝑡 = 𝑥1(𝑡)

𝒇 ഥ𝒙, ഥ𝒖 = 𝟎

0 = ҧ𝑥2

0 = −
ത𝑢

𝑙
𝑐𝑜𝑠 ҧ𝑥1 +

𝑔

𝑙
𝑠𝑖𝑛 ҧ𝑥1 +

𝑏

𝑚𝑙2
ҧ𝑥2

ത𝑦 = ҧ𝑥1

ҧ𝑥2 = 0

0 = −
𝑔

𝑙
𝑠𝑖𝑛 ҧ𝑥1

ത𝑦 = ҧ𝑥1

ഥ𝒖 = 𝟎

ഥ𝒙 =
𝑘𝜋
0

Equilibria:

𝒙 𝒕 =
𝜽

ሶ𝜽



1. Movements, equilibrium 

2. LTI systems: movements, equilibrium

3. Stability

Outline
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LTI system
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In LTI systems, functions 𝑓(𝑥, 𝑢) and 𝑔(𝑥, 𝑢) are linear functions of 𝒙 𝒕  e 𝒖 𝒕 , that in
compact form can be written as

ቊ
ሶ𝒙 𝑡 = 𝒇(𝒙 𝑡 , 𝑢 𝑡 )

𝑦 𝑡 = 𝑔(𝒙 𝑡 , 𝑢 𝑡 )

ቊ
ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡)

𝑦 𝑡 = 𝐶𝑥 𝑡 + 𝐷𝑢(𝑡)

with 𝑨 ∈  ℜ𝒏,𝒏, 𝑩 ∈  ℜ𝒏,𝒎, 𝑪 ∈  ℜ𝒑,𝒏 e 𝑫 ∈  ℜ𝒑,𝒎.

This system is a linear time-invariant (LTI) continuous time system.
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Movements
The state movement of a continuous-time LTI system can be computed
using the Lagrange formula.

Given 𝒖 𝑡 ∀𝑡 ≥ 0 and 𝑥 0

𝑥(𝑡) = 𝑒𝐴𝑡𝑥 0 + න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 𝑑𝜏

Free movement

Forced 

movement

where 𝑒𝐴𝑡 = 𝐼 + 𝐴𝑡 + 𝐴2
𝑡2

2!
+ 𝐴3

𝑡3

3!
+ ⋯
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Movements

➢The free movement only depends on the initial condition

➢The forced movement is forced by the input applied to the
system.

𝑥(𝑡) = 𝑒𝐴𝑡𝑥 0 + න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 𝑑𝜏

Free movement

Forced 

movement
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Output Movement

It is easy to see that

𝑦 𝑡 = 𝐶𝑒𝐴𝑡𝑥 0 + 𝐶 න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 𝑑𝜏 + 𝐷𝑢 𝑡

Output

Free movement

Output 

Forced movement

➢The output free movement only depends on the initial condition

➢The output forced movement depends only on the input applied to the system.



Equilibrium of LTI systems
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Let’s assess the presence of equilibrium in continuous time LTI systems

Let's say ሶ𝑥 𝑡 = 0 at 𝑢 𝑡 = ത𝑢

ቊ
ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡)

𝑦 𝑡 = 𝐶𝑥 𝑡 + 𝐷𝑢(𝑡)

0 = 𝐴 ҧ𝑥 + 𝐵 ത𝑢 𝐴 ҧ𝑥 = −𝐵 ത𝑢

det 𝐴 ≠ 0

det 𝐴 = 0
The system 𝐴 ҧ𝑥 = −𝐵 ത𝑢 can have

• infinite solutions
• No solution

The equilibria are: 𝐴 ҧ𝑥 = −𝐵 ത𝑢

ҧ𝑥 = −𝐴−1𝐵 ത𝑢



1. Movements, equilibrium 

2. LTI systems: movements, equilibrium, stability

3. Stability

Outline
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Stability
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An equlibrium ത𝐱 is said to be stable if, for each ϵ > 0 there esists δ > 0 such that for each initial state 

x0 that satisfies:

𝑥0 − ҧ𝑥 ≤ 𝛿

It results
𝑥 𝑡 − ҧ𝑥 ≤ 𝜖 t ≥ 0

ҧ𝑥

ҧ𝑥 + 𝛿

Perturbed 

Movement 

Nominal

Movement

ҧ𝑥 + 𝜖

ҧ𝑥 − 𝜖



Stability
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ҧ𝑥

ҧ𝑥 + 𝛿

Perturbed 

Movement

Nominal

Movement

ҧ𝑥 + 𝜖

ҧ𝑥 − 𝜖

An equilibrium ത𝐱 It is said to be unstable if it is not stable.

For each ϵ > 0 does not exist δ > 0 such that for each initial state x0 that satisfies:

𝑥0 − ҧ𝑥 ≤ 𝛿

It results
𝑥 𝑡 − ҧ𝑥 ≤ 𝜖 t ≥ 0



Stability
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An equilibrium ത𝐱 is said to be asymptotically stable if, for each ϵ > 0 exists δ > 0 such that for all 

initial states x0 that satisfy:

𝑥0 − ҧ𝑥 ≤ 𝛿

It results

𝑥 𝑡 − ҧ𝑥 ≤ 𝜖 t ≥ 0 𝑎𝑛𝑑 lim
𝑡→∞

𝑥 𝑡 − ҧ𝑥 = 0

ҧ𝑥

ҧ𝑥 + 𝛿

Perturbed 

Movement

Nominal

Movement

ҧ𝑥 + 𝜖

ҧ𝑥 − 𝜖



Stability of LTI systems
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The nominal movement of an LTI system is given by the Lagrange's formula:

𝑥 𝑡 = 𝑒𝐴𝑡𝑥𝑡0 + න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢(𝜏) 𝑑𝜏

Assuming a perturbation of the initial condition 𝑥𝑡0 = ҧ𝑥 + 𝛿 ҧ𝑥 we get the perturbed 

movement:

෤𝑥 𝑡 = 𝑒𝐴𝑡 ҧ𝑥 + න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢(𝜏) 𝑑𝜏 + 𝑒𝐴𝑡𝛿ഥ𝑥

ቊ
ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡)

𝑦 𝑡 = 𝐶𝑥 𝑡 + 𝐷𝑢(𝑡)



Stability of LTI systems
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෤𝑥 𝑡 = 𝑒𝐴𝑡 ҧ𝑥 + න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢(𝜏) 𝑑𝜏 + 𝑒𝐴𝑡𝛿ഥ𝑥

The perturbed movement differs from the nominal movement only in that 𝛿𝑥 𝑡 = 𝑒𝐴𝑡𝛿 ҧ𝑥. 

We can therefore deduce that, for an LTI system: 

• The perturbed movement does not depend on the particular state of equilibrium. We can 

therefore speak of the stability of the system (→ global property)

• The difference between the nominal and the perturbed movement depends on the 

values assumed by the matrix A



Stability of LTI systems
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෤𝑥 𝑡 − ҧ𝑥 = 𝑒𝐴𝑡𝛿ഥ𝑥

We can deduce that:

• Asymptotically stable system  lim
𝑡→∞

𝑒𝐴𝑡 = 0

• Unstable system    𝑒𝐴𝑡 diverges with 𝑡 → ∞

• Stable System     𝑒𝐴𝑡 bounded ∀𝑡



Stability of LTI systems
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෤𝑥 𝑡 − ҧ𝑥 = 𝑒𝐴𝑡𝛿ഥ𝑥

For a first order system 𝐴 = 𝑎 ∈ ℝ:

• Asymptotically stable system lim
𝑡→∞

𝑒𝑎𝑡 = 0 ⟹ 𝑎 < 0

• Unstable system   𝑒𝑎𝑡 diverges with 𝑡 → ∞ ⟹ 𝑎 > 0

• Stable System    𝑒𝑎𝑡 bounded ∀𝑡 ⟹ 𝑎 = 0

What for a 𝑛 order system, that is 𝐴 ∈ ℝ𝑛?
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Exponential of a square matrix

• Given a square matrix 𝐴 ∈ ℝ𝑛×𝑛, we define its exponential as

𝑒𝐴 = ෍

𝑖=0

∞
1

𝑖!
⋅ 𝐴 𝑖 = 𝐼 + 𝐴 +

1

2
⋅ 𝐴2 + ⋯

𝑛 × 𝑛

Now suppose that 𝐴 is a diagonal matrix, 𝐴 = diag 𝑎11, 𝑎22, … , 𝑎𝑛𝑛 , it is possible to

demonstrate that

𝑒𝐴 =

𝑒𝑎11

𝑒𝑎22

⋱
𝑒𝑎𝑛𝑛

0

0

𝑒𝐴 = diag 𝑒𝑎11 , 𝑒𝑎22, … , 𝑒𝑎𝑛𝑛

IN-DEPTH ANALYSIS



exponential of a diagonal matrix!
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• Instead of imposing 𝐴 diagonal, we could only suppose 𝐴 to be

diagonalizable. That is, 𝐴 can be factorized as

𝐴 = 𝑇𝐷 ⋅ 𝐴𝐷 ⋅ 𝑇𝐷
−1

Let us substitute this expression inside 𝑒𝐴

𝑒𝐴 = ෍

𝑖=0

∞
1

𝑖!
⋅ 𝐴 𝑖 = ෍

𝑖=0

∞
1

𝑖!
⋅ 𝑇𝐷 ⋅ 𝐴𝐷 ⋅ 𝑇𝐷

−1 𝑖

= 𝐼 + 𝑇𝐷 ⋅ 𝐴𝐷 ⋅ 𝑇𝐷
−1 +

1

2
⋅ 𝑇𝐷 ⋅ 𝐴𝐷 ⋅ 𝑇𝐷

−1 ⋅ 𝑇𝐷 ⋅ 𝐴𝐷 ⋅ 𝑇𝐷
−1 + ⋯

𝐴𝐷 =
𝜆1

⋱
𝜆𝑛

𝑒𝐴 = 𝑇𝐷 ⋅ diag 𝑒𝜆1 , 𝑒𝜆2 , … , 𝑒𝜆𝑛 ⋅ 𝑇𝐷
−1

0
0

Stability depends on the sign of 
the eigenvalues of A

Exponential of a square matrix

𝑇𝐷
−1 ⋅ 𝑇𝐷 = 𝐼

= 𝐼 + 𝑇𝐷 ⋅ 𝐴𝐷 ⋅ 𝑇𝐷
−1 +

1

2
⋅ 𝑇𝐷 ⋅ 𝐴𝐷

2 ⋅ 𝑇𝐷
−1 + ⋯

= 𝑇𝐷 ⋅ 𝐼 + 𝐴𝐷 +
1

2
𝐴𝐷

2 + ⋯ ⋅ 𝑇𝐷
−1 = 𝑇𝐷 ⋅ 𝑒𝐴𝐷 ⋅ 𝑇𝐷

−1

IN-DEPTH ANALYSIS



Stability theorem of LTI systems
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1. A (continous time) LTI system is asymptotically stable if and only if all eigenvalues of 

matrix A have negative real part

𝑅𝑒 𝑠𝑖 < 0, ∀𝑖

2. An LTI system is unstable if matrix A has at least one eigenvalue with positive real 

part

∃𝑖∗: 𝑅𝑒 𝑠𝑖∗ > 0

3. An LTI system is stable if matrix A has all eigenvalues with negative real part and 

one null

𝑅𝑒 𝑠𝑖 < 0, ∀𝑖

∃! 𝑖∗ ∶ 𝑅𝑒 𝑠𝑖∗ = 0



Area of asymptotic stability
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Re

Im

Region of as. stability

𝑅𝑒 𝑠𝑖 < 0

Region of instability

𝑅𝑒 𝑠𝑖 > 0

Stability Limit 

𝑅𝑒 𝑠𝑖 = 0



Properties of LTI systems
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1. An as. Stable LTI system, if perturbed, tends to return to equilibrium before the 

perturbation.

2. At any constant input ത𝑢 is associated one and only one state of equilibrium ҧ𝑥

3. An as. stable system is not affected by the initial conditions (the 

movement of the state depends only on 𝑢(𝑡))

Proof:

lim
𝑡→∞

𝑥 𝑡 = lim
𝑡→∞

𝑒𝐴𝑡𝑥 0 + lim
𝑡→∞

න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 𝑑𝜏 = lim
𝑡→∞

න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 𝑑𝜏

Goes to 0



Properties of LTI systems
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4. With zero input, the movement of the state tends asymptotically to zero.

lim
𝑡→∞

𝑥 𝑡 = lim
𝑡→∞

𝑒𝐴𝑡𝑥 0 + lim
𝑡→∞

න
0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 𝑑𝜏 = 0

5. With 𝑢 𝑡 = ത𝑢 the output of an as. stable system tends to the stationary value ത𝑦.

6. If the input is bounded, the output of an as. Stable LTI system will also be 

bounded

Goes to 0 𝑢 𝜏 =0



31


	Slide 1: Lesson 6.   Movements, Equilibria, Stability of continuous-time systems 
	Slide 2: Outline
	Slide 3: State-Space Representation
	Slide 4: State-Space Representation
	Slide 5: State and output movement
	Slide 6: Example: SIR model
	Slide 7: Example: SIR model
	Slide 8: Example: water tank
	Slide 9: Equilibrium
	Slide 10: Example
	Slide 11: Outline
	Slide 12: LTI system
	Slide 13
	Slide 14
	Slide 15
	Slide 16: Equilibrium of LTI systems
	Slide 17: Outline
	Slide 18: Stability
	Slide 19: Stability
	Slide 20: Stability
	Slide 21: Stability of LTI systems
	Slide 22: Stability of LTI systems
	Slide 23: Stability of LTI systems
	Slide 24: Stability of LTI systems
	Slide 25
	Slide 26
	Slide 27: Stability theorem of LTI systems
	Slide 28: Area of asymptotic stability
	Slide 29: Properties of LTI systems
	Slide 30: Properties of LTI systems
	Slide 31

