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Lesson 3.

Movements, Equilibria, Stability
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State and output movements

r(t+1) = flz(t),ult)), 2(0)= o
y(t) = g(z(t), u(t))

Given an input function u(t) = #(t) (t = 0), and the initial condition x,, we can
easily compute how state and output evolves throughout the time, for t> 0.

The functions X(t) (t =0) and y(t) (t = 0) are respectively called

and
x(t), t =0 is the state y(t), t = 0is the output
movement movement
corresponding to the corresponding to the
input u(t) input u(t)

Such movements can be computed iteratively.
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State and output movements

i(t) (t = 0), be given by the sequence:

Let the input function u(t)
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Example 1: water tank

r(t+1) = x(t) + %(u(t) — K/ x(t))

y(t) = rVa(l)

> Let: A = 1m?2, At = 1s, k = 0.3™°/,

r(t+1) = x(t) —0.3/x(t) + u(t)
y(t) = 0.3v/z(t)

» In order to find state and output movements, we need an initial
condition and a control sequence:
* |nitial condition x(0) = 4m
+ Inputii(t) =0.5™/;,t=>0

Outlet flow




Example 1: water tank

r(t+1) = x(t) —0.3\/x(t) + u(t)
y(t) = 0.3v/z(t)
Qout (t)
z(0) = 4 y(0) = 0.3vV4=0.6
z(l) = 4-1(0.3-2)+0.5=3.90 y(1) = 0.3v/3.90 = 0.5925
r(2) = 3.90—-(0.3-1.97) 4+ 0.5 = 3.81 y(2) = 0.3v/3.81 = 0.5856
z(3) = 3.81—(0.3-1.95)+0.5=3.72 y(3) = 0.3v/3.72 = 0.5786
r(4) = 3.72—(0.3-1.93)+0.5 =3.64 ‘ y(4) = 0.3v3.64 =0.5724
z(b) = 3.64—(0.3-1.90)+ 0.5 = 3.57 y(5) = 0.3v/3.57 = 0.5668
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Example 2: SIR model

1000 | | Discrete-time SIR model: (= 0.4, 7= 0.05, N=1000 | | S(t n 1) _ S(t) B 6S(t)](t)
900 N
S(t)I(t

e+ = 10+ 22O
R(t+1) = R(t)+~I(t)
S(0) = 997, 1(0) = 3, R(0) = 0
ol B =04, =005
]1\1\ Iterations by

00— 10 2|0 3|0 4IO 50 60 70 80 90 100 Compu.ter SimUIationS

days

Time step t =1 day
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Example 2: SIR model

1l %% SIR MODEL simulation
2
3-  S0=997;
17— Iterations by Matlab simulations
bl — N=1060;
7
8 % SIR ﬁS(t)[(t)
0-  beta=0.4; St+1) = S(t) —
10 - ggrr?ma:0.0S; ( ) ( ) N
11
o0 S(t)I(t
T I(t+1) = I+ BSWOIE) vI(t)
14 - S=zeros(T,1); N
15 - |I= (T, ); _
16 - R:f:;s(TLn; R(t + 1) _ R(t) i /7[(75)
17
18 -  S(1)=S0;
19 - 1(1)=I0;
20 - R(1)=R0; S(0) =997, I(0) =3, R(0) =0
21
R2 - for k=1:T
P3 - S(k+1)=S(k)-beta*(S(k)*I(k))/N;
R4 - I(k+1) =1 (k) +beta*(S(k)*I(k))/N- *|(k): _ _
25 - R(k+1)=R(k)+Z:mma*l(k); samms g =04, v =0.05
26 - end

¥



Equilibrium

vt +1) = flz(t),ult)), 2(0)=
y(t) = g(xz(t), u(t))

Given a constant input function u(t) = u (t > 0), the state movements wiill
converge to an

This implies that x(t + 1) = x(t).

This means that functions x(t) (t = 0) and y(t) (t = 0) converge to a constant
value x and y which is solution of the following equation

B = @)
— g(i‘,ﬂ)

Nag
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Example 1: water tank

r(t+1)
y(t)

z(t) — 0.3v/x(t) + u(t)
0.3/ z(t)

3.8

3.6

2.6
(o}

time

Gout (t)

» In order to find the equilibrium
state and output, we run a
simulation with:
 Initial condition x(0) = 4m
* Input u=05™/g, k=0

> After 80 steps, the state
converges to an equilibrium.



How to find the equilibrium?

Are simulations the best way to find an equilibrium?

77
Nop: we can also find the equilibrium analitically by solving == i
i 2

T = 2—03VZ+u 7 = <_)

_ — = 0.3

Yy = 0.3\/5 g — U
- Taking into account that u = 0.5 ™/, then 7 — 97778

y = 0.9

At the equilibrium the outlet flow is equal to the inlet flow




Outline

1. Movements, equilibrium
2. Stability
3. LTI systems: movements, equilibrium, stability
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Stability

> Both balls are in an
equilibrium.

»The green ball is in a stable
equilibrium.

»The orange ballisin a
unstable equilibrium
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Stability

»The green ball is in a stable equilibrium.
»The orange ball is in an unstable equilibrium.
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Stability

»If an equilibrium is stable then if there is a small perturbation on the
initial condition then the system tends to reach the equilibrium.

»Stability is a property of the equilibrium point and not of the
system.

»The same system can have stable equilibrium and unstable ones (see
the previous slide).

»Stability is a local property of the equilibrium and it works for small
perturbations.
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Stability: formal definition

Stability: The equilibrium point x=0 is locally stable if

Ve>0d6>0s. t. [|[z(0)]| <d=|z(t)] <e VE>0

»The equilibrium point x=0 is ifitis not
stable.

Attractivity: The equilibrium point x=0 is attractive

if:
lim z(t) =0

t— 00

Asymptotic Stability: The equilibrium point x=0 is
asymptotically stableif it is




Check if an equilibrium is stable

In general, not an easy problem to solve.

dFor linear time-invariant (LTI) system, the solution is quite
simple.
»You just need to check the eigenvalues of matrix A.

dFor a nonlinear time-invariant system, one can linearize it
about the equilibrium point and check stability of the
equilibrium using the method for LTI systems.

_______________
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LTI Systems
> LTIl stands for

»They are a very specific class of system.

»They are very simple to study and there is a lot of theory
about them.

»In a first approximation, they can explain a large number
of phenomena/processes.

'''''''''''




LTI Systems
z(t+1) = f(z@),u(?), =2(0)=zo
y(t) = g(a(t),u(t))

In LTI systems, functions f(x,u) and g(x,u) are linear
functions of the form

SISO

£L’1<t —+ 1) = CLHZCl(t) -+ algl'g(t) + ... + alnxn(t) -+ b1U(t)
To(t+ 1) ao121(t) + agexa(t) + ... + aonxy,(t) + bou(t)

T, (t+1) : An1T1(t) + apaa(t) + ... + appx,(t) + byu(t)
y(t) = c1x1(t) + coxa(t) + ... + cpzyn(t) + du(t)

§ANEA V4 Sl
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LTI Systems

The LTI systems can be rewritten in compact form

r(t+1) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
where
i ayjp iz ... Qip | i b |
a a . Qo b
A = .21 .22 2 c Ran’ B — .2 c Rnxl
i Ap1  Ap2 ... Qpp | i bn i
( = [ Ct Co ... Cp ] = Rlxn, D=delR




Example

* The LTIl systems

r1(t+1)

ro(t + 1)

y(t)

can be rewritten in compact form with

1
0

A
=1

o =

= x1(t) + z2(t) + 0.5u(t)

= w1(¢)

c RQXZ’

c RIXZ’

B —

0.

1

3

D=0eR

SISO
e Order 2

c RZXI
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Movements

The movements of a discrete-time LTI systems can be computed
iteratively.

Given u(t) vt = 0 and x(0)

= A%2(0) + A?Bu(0) + ABu(1) + Bu(2)
= - ] Forced
z(t) = |A'z(0)+ Z A Bu(ti— g — 1)) | movement
\J=0

111111111

24



Movements

r(t) = [A'z(0)]|+ iAjBu(t —7—1)

Free movement

Forced
>

movement

»The free movement only depends on the initial condition

»The forced movement is forced by the input applied to the

system.

&/ ~\a | UNIVERSITA | Dipartiment
H ey : ‘ DEGLI STUDI | dilngegneria Gestionale
\olla/l>" | preeréaMo | dellinformazion ) |

¥

25




Output Movement

It is easy to see that

y(t) = Cux(t) + Du(t)

— C’(At +tz:AJBut—]—1)>+Du(t)

7=0
(t—1 )
= (CAZ(0)+  CA’Bu(t — j — 1) + Du(t)
J=Y y
Free movement
Forced /
movement

=)
2

>




Superposition principle

Since LTI systems are linear systems, they enjoy the superposition
principle.

»Given two initial condition #1(0) and z2(0), and given

x(0) = ax1(0) + Br2(0)
then

r(t) = A'z(0)
= A" (ax1(0) + Bx2(0))
= aA'z(0) + SA"z,(0) u(0) =0
= | az1(t) + Bxa(t)

:ff’/f:*"qg\“jg UNIVERSITA
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Superposition principle

. Similarly, given two control sequences ' tu1(0), u1(0), ... ua(k)}
uy = {u2(0),uz(0), ..., us(k)}
and given u = au; + fu, , then
t—1
z(t) = Y ABu(t—j—1))
7=0
= ZAJ (aui(t—7—1)+ Bus(t —j — 1))
z(0) =0
t—1 t—1
— ZAjBozul(t —j—=1+ ZAjBﬁug(t —j7—1)
j=0 j=0

= 04371<t) + 5332(t)

28



Superposition principle

« Combining free and forced movement:

x(t)

az:(t) + Bra(t)
t—1
= aA'z(0) + chAjBul(t —7—=1)
j=0
t—1
+BA'2(0) + BY  A/Buy(t —j — 1)

j=0

Same reasoning holds for the output movements

29



Equilibrium

Consider the LTI system:

r(t+1) = Ax(t) + Bu(t)
y(t) = Cux(t) + Du(t)

»Equilibrium: solution to the difference equation.

T = Ar + Bu

y = Cx+ Du
The equilibrium is given by the solution to the previous linear
system (first eq. actually).

'H/ 5 “; DEGLI STUDI
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Equilibrium

Let's do the calculations:

T
T — Ax
(1,, — A)x

If det (I, — A) # 0, then
T = (I,— A) 'Bu

The equilibrium is univocally defined
by the control input:
> One equilibrium for each

J@ |\ ‘ UNIVERSITA partiment
3 DEGLI STUDI | dilngegneria Gestionale
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If det (7, — A) =0, then

The system has infinite solutions or
no solution.




Static gain

Consider the case det (I, — A) # 0

»>State equilibrium |z = (I, — A)'Bu)

»Q0utput equilibrium: § = Cz + Du
= C(I,— A)™'Bu+ Du

= ((C(I,—A)™"'B+D)u

. Theterm = (C(l, — A)"'B+ D)

is called static gain of the system.

&/ ~\a | UNIVERSITA | Dipartiment
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Remarks

»In an LTI system for each value of the input © there is a unique
equilibrium (minor some degenerate cases).

r = (I,— A 'Bu

»The static gain allows one to determine how the output
changes due to an incremental change in the input, once the
system has reached the steady state

w=(C(I, — A)'B+ D) Ay = u- Al
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Example

(X (t+1) = 0.5 x,(t) + x,(6) + 3 - u(®) L 10_5 1 |
x,(t+1) =0.1-x,(t) B 1
L y(t) = x1(t) + 3 - x,(t) + 5 - ult) c=[1 3] D

e Check the determinant:

det(l, — 4) = det (I, - [0(')5 0?1]) — det([o(')s 5; ) =045 # 0

A

 Compute the static gain:

u=C-(I,—A) " -B+D = [05 _1

[d+5_11

« Compute the equilibrium with 7 = 2 (assumlng null initial conditions):

(- A) "B -7 _[05 —1 [3] 2_[12]
y=p-i=11-2=22

34



Example

Consider the LTI systems

ri(t+1) = z1(t) +x2(t) + 0.5u(t)
ro(t+1) = xo(t) + u(t)
y(t) = x1(t)

»Check the determinant:

A=
C=]|1 O c RY2

det(l, — A) = det (I, - [(1) 1 ) = det([g _01]) =0

The system does not have a unigue solution.

1 1 55 | o.
[01 € R™, B_[1



Stability

Consider the LTI system

v(k+1) = Ax(k)+ Bu(k)
y(k) = Cuz(k)+ Du(k)

and the equilibrium
= (I, — A 'Bu

Uu

Nad IR
|

>lIs it stable??? Let's check the movements

) UN [ I
H ¢ ‘[' DEGLI STUDI i Ingeg f
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Stability
* Nominal movement

r(t+1) = Axz(t)+ Bu(t)
y(t) = Cux(t) 4+ Du(t) »
r(0) = =«

 Perturbated movement

r(t+1) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t) »
£(0) = [z + 5zl

z(t) =

t—1
Atz + Z ABu =7
=0

t—1
AN(Z + 6m0) + Y A'Bu

7=0

t—1

J=0

T At5:1:0

37



Stability
i(t) =7+ A'Szo NP Ox(t) = A'dxg

The perturbation 8x(t) corresponds to the free movement with
initial condition x(0) = 6x, .

The perturbation 8x(t) does not depend on the specific
equilibrium.

The entity of the perturbation depends only on the initial
perturbation and on the matrix A.

:f,‘/hf"’qg\?g UNIVERSITA | Dij ‘

| h/\w E ‘ DEGLI STUDI | dilngeg ,

-\ ﬂﬁ‘- DI BERGAMO | dell'r J 38
s {H)t N




Stability

i(t) =7 + A'dzo WP Su(t) = Aoz,

Since the stability depends only on the behavior of the

perturbation 6x(t) and since the perturbation does not depend
on the single equilibrium,

» The stability is a property of the entire system.
»The equilibriums of an LTI system are all stable or all unstable.

»We can talk of stable, asymptotically stable or unstable
systems.

7584
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Classification

Based on the previous slide, we have 3 possibilities:

* ALTI system is asymptotically stable if
lim At5$0 =0

t— 00

« A LTI system is stable if A'5x, is bounded

« ALTI system is unstable if

lim A'dxy = o0
t—00

&/ ~\a | UNIVERSITA | Dipartiment
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Example

r(t+1) = 0.1z(t) + 0.2u(t)
3z (t) + 2u(t)

<

o
8

N—
|

Asymptotically stable
lim A'd0xg = lim (0.1)"6zo = 0

t—00 t—00

r(t+1) = —0.3z(t) 4+ 0.2u(t)
y(t) = 3z(t) + 2u(t)
Asymptotically stable

lim A"dzy = lim (—0.3)"0zg = 0

t—o00 t—o00

:" ’.\|A' T ""_ UNIVERSITA | Dipartimento
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Example

r(t+1) = 2x(t)+ 0.2u(t)
y(t) = 3x(t) + 2u(t)
Unstable

lim At5$0 = lim 2t5$0 — OO
t—o0 t—o0

r(t+1) = z(t) +ult)

yit) = =(b) Stable

lim A'dxo = lim 1°0z0 = dxo Bounded

t—o00 t—o00

/o oaNs | UNIVERSITA | Dipartimento
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Summing up...

Given a first order (n=1) LTI system

Al < 1

Asymptotically stable ‘ lim A'dxy =0

t— 00

Stable mmm) A'ozo bounded ) [ -1

Al > 1

Unstable ) lim A0z = -

t— 00




Stability: Properties

1. In an asymptotically stable LTI system the free
movement tends to zero.

T tree(t) = lim A'zg =0

t— 00

2. In an asymptotically stable LTI system the
_asyn;ptotic movement depends only on the
Inpu

lim x(t) = lim +ZAJBU>

t— 00 t— 00

Goes to zero

/Iq;\ UNI TA ; ‘
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Stability: Properties

3. An asymptotically stable LTI system tends to reach
the equilibrium for every initial condition.

Consider the equilibrium (i, %), then

t—1
lim z(t) = lim (Atxo + Z AjBu>

t—o0 t—o0
j=0
t—1
= lim [ A(zo+Z —Z) + E A’ Bu
t—o0
j=0
t—1
Goes to zero+— — ﬁim A'(zg — z)|+ lim | A’z + E A’ Bu
—\{—0o0 t—o00 :
7=0
= I
:.‘:71/:%’::;3\‘; f !
[ [ omaias, ie




Stability: Properties

4. In an asymptotically stable LTI system there is one
and only one equilibrium foreach u(k) = u

Consider two different equilibrium states and their movements

t—1
T(O) =3 > x1(t) = A’z + Z A’ Bu
7=0
t—1
2(0) = Ty - o(t) = A'z,+ ) A/Bu
7=0

Applying property 3, these movements necessarily converge to the same
equilibrium (since the equilibrium input is the same).

UNIVERSITA [
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Stability: Properties

5. In an asymptotically stable LTI system if the input
is constant than the output tends to a final value

By applying Property 3 the system converges to an equilibrium, by
property 1the free movements is constant, then

r = (I,— A)'Bu

y = pa

6. In an asymptotically stable LTI system if the input
Is bounded the output is also bounded

w=(C(l, —A)"'B+ D)

u(t)| <o, t >0 mmmmp |y(t)| < B8, t>0

:f,‘/hf"’qg\?g UNIVERSITA | Dij ‘

| h/\w )* | DEGLISTUDI | dilngeg ,

-\ ﬂﬁ‘- DI BERGAMO | dell'r J 47
s {H)t N




Stability whenn > 1

In this case we look at the of the matrix A.

Given a matrix A € R™*" the eigenvalue A € C and the eigenvector
v € C"*! are the value and the vector such that:
A-v=21-v

 There are always n eigenvalues and eigenvectors

 |If there is a complex eigenvalue there is always its conjugate
(complex eigenvalues come in couple).

« The eigenvalues are the root of the characteristic polynomial:
¢(1) =det(A—A1:-1,)

48



Classification
Recalling the stability definitions:

« A LTI system is asymptotically stable if tli)m Atdzy =0

- A LTI system is stable if A0z is bounded

 ALTI system is unstable if tliglo Aldxg = £o0

Then..

{4 49
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Asymptotic stability vs Instability

An LTI system is if and only if all the
eigenvalues 1; of the matrix A have norm strictly smaller than one:

vi,lnl<1  4mmp

Theorem 2

An LTI system is unstable if there is at least one eigenvalues 4; of
the matrix A with norm strictly greater than one:

dis.t|A]>1 # Unstable

i( [iAonil )3 | DEGLISTUDI | dilngeg ,
\ 30205 | O pEroam o | Generon 50




Simple stability

Theorem 3

An LTI system is simply stable if all the eigenvalues 1; of the matrix A
have norm smaller than one and there is one and only one eigenvalue
with norm equal to one (or a couple of complex eigenvalues):

Vi, |4 <13lis.t.|4] =1 W)  Simply stable

Remark

1. A couple of complex eigenvalues counts as one eigenvalue. Therefore, if
all the eigenvalues have norm smaller than one except for a couple of
complex eigenvalues with norm equal to one the system is simply stable.

2. If there are more than one eigenvalues with norm equals to one the
system can be unstable or simply stable, more analysis is needed.

, UNIVERSITA ‘
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Stability Region

lm

Stability
region

Re
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Example

01 1 d(\) = det(A—\,)

- 01-X 1
A 0 —02 =) = detl g g2

= (0.1 =X)(—=0.2—=X)

>
ek
|

0.1

0o asymptotically stable

>
1o
|

UNIVERS Dipartimento
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Example

] ) d(N) = det(A— A,)
1.2 0 1.2 —\ 0
A= 1 09 =) = det 1 09—\
' ' = (1.2=X)(0.9— \)
A= 1.2 unstable
A = 0.9
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Example

S(\) = det (A — \,)

1 0 1 — )\ 0
A: O 05 - = d€t|: 0 05_)\}
) ) = (1-=X)(0.5-))
A= Simply stable
N = 0.5 Y
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Example

Consider the following matrix A of a LTI system

_[1-—a f
4= [ 0 0.1]
Determine the values of a and 8 that make the system stable. The eigenvalues

are: (M =1-a

Therefore, the system is asymptotically stable if and only if:

1—a|<1o] t7@<1=2a>0 _ 4 >
l—a>-1=>a<?2
Furthermore, the system is simply stable if:
_ l—-a=1=>a=0 _ _
|1 al—1=>{1_a=_1:)a=2:»a—00ra—2

56
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Outline

1. Movements, equilibrium

2. Stability

3. LTI systems: movements, equilibrium, stability
4. Linearization

5. Continuous time systems
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What about nonlinear systems?

We cannot talk of stability of a nonlinear systems.

Recall that stability is a , that holds in a

For nonlinear systems, we want to check the stability property of the
equilibrium (not the entire system).

How to do that? We can linearize a system in a certain equilibrium

and then study the stability of the obtained linearized system using
the same tool as for LTI systems.

'''''''''''



Linearization

Take a nonlinear model.
z(t+1) = [fz@),u(@)), =(0)=um0
y(t) = g(x(t),u(t))

Let's say (i, 1) is an equilibrium, such that ¥ = f(x, i)

Consider the Taylor expansion of f(x,u) around such equilibrium.

GewumD = @ 280 -z + L8 g

(z,u)

8|

s 10
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Linearization

Define now  dx(t) = (z(t) — x), ou(t) = (u(t) — u)

Then
Of(x,u) Of(x,u)
ox(t+1) = ox(t) + du(t)
/ 9T a e
(x(t+1) — )

This approximation is linear in 6x(t) and éu(t)

» Same reasoning hold for the output transformation
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Linearized system

Then we have
dx(t+1) = Adx(t) + Bou(t)
dy(t) = Cox(t) + Dou(t)

with
Ao | o), dg@w| _ dglaw)
Oz (z,3) Ju (%,3) Oz (%,3) Ju (z,3)
» Thus, we can study the stability of the by analyzing the
stability of the using the same tool as for LTI
system.

> Indirect Lyapunov method. It also holds for continuous time
system.

;/Fﬁgggﬁa ‘ UNIVERSITA
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Example: water tank

Qm(t) ~

Inlet flow

h(t)

Water level

Qout (t)

Outlet flow

h [m]

<

S
||
=N
8

=

q [m*/h] q [m*/h]
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Example: Linearized system

°
Consider the discrete time of a pendulum .’ “
.
ri(k+1) =x1(k+ 1)+ Awxa(k), & °,
k 1
ro(k + 1) = zo(k) + A (—% sin(x1(k)) — ECEQ(]C) — Wu(k))
with |=1m, m=1, k=0.5, g=9.81, A;= 0.1 s.
* This system has two equilibria for u(k)=0 ., K,
7, = (0,0) Y I
oo

Sf'b = (7'(',0)

8 % | UNIVERSITA partimentt
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Example: Linearized system

We can study the stability of these two equilibria, by linearizing about
such points

0xo(k + 1) = —0.01g cos(Z1)dx1 (k) + (1 — 0.01k)dxo(k) + 0.010u(k)

Then we can write down matrices A and B, as:

1 0.01 0
A= _0.0981cos(z1) (1 0.005) ] - B= [ 0.01 ]

T, = (0.0)

Which should be evaluated in the two equilibria
Q_?b — (7’(’, O)

H \i

/ \ UNIVERSITA
( E ‘ DEGLI STUDI
,—h DI BERGAMO
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Example: Linearized system

Let's consider the first equilibrium

z, = (0,0),

Whose eigenvalues are
A1
A2

1 0.01

A= | —0.0981 0.995 |

0.9975 + j0.0312
0.9975 + j0.0312

Since both eigenvalues are such that

Then this equilibrium is

/Ff/\rp\ UNIVIERSITAI

£( kol )2
LRI

;| = 0.9980 < 1



Example: Linearized system

Let's consider the second equilibrium

7 = (1.0). A:[ 1 0.01]

0.0981 0.995

Whose eigenvalues are
A = 1.0289

Since |\1| > 1then this equilibrium is unstable.

:ff’/f:*"qg\“jg UNIVERSITA
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Outline

1. Movements, equilibrium

2. Stability

3. LTI systems: movements, equilibrium, stability
4. Linearization

5. Continuous time systems
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State-Space Representation

The generic state-space representation of a time-invariant nonlinear dynamical system

x(t) = f(x(t),u(t))) > State Equation

x(t) € R"
y(t) = g(x(t), u(t)) - Output Equation

x(ty) = xp > Initial state

State variables are internal variables (x(t)) of the system whose knowledge at the time ¢, is the
minimum amount of information needed to determine the output y(t) due to the input u(t), far
all t > t,

SISO - Single Input Single Output u@e R  y@OER

scalar scalar
MIMO - Multi Input Multi Output u(t) € R™ y(t) € RP
array array

/i 0n\s | UNIVERSITA ik
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State-Space Representation

When there are no input variables, the system

x(0) = f(x(D)

|Is defined as autonomous.

When the function f(x,u)is linear in x(t) e u(t), the system is linear time-
invariant (LTI):

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Cond e R B e RV C e RP*e D € RP™M,

/v 0nNe | UNIVERSITA | Dipartimer
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Equilibrium

If we enter constant inputs u(t) = u We obtain movements of the state and output that are also

constant over time.

These movements are called equilibrium states and outputs. Equilibrium states must satisfy

the equation x(t) = 0

{x(t) = f(x(t), u(t))
y(t) = g(x(t), u(t))

u(t) =u,t =t

fx,u)=0

:ﬁ/”*‘q}“a UNIVERSITA partimer
| |/\ﬂ' |* | DEGLISTUDI | dilngeg
\@l'n' /" | DIBERGAMO | dellinforr
EEHpr

State of Equilibrium
Movement of the states x(t) = x constant over time with

u(t) =1u

Equilibrium output
Movement of the output y(t) = y constant over time with

u(t) =1u
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ﬁ ............................ S (0) = %0
5 u(t)

Xy (t) = — (T cos x; (t) + %Sin x,(t) + %xz (t))
y(®) = x,(8)

A

0 - _
m x(t)=[9] f(x,u)=0 u=20
(o (_ agen =
0 =1, X, =0 Equilibria:
L g . -

9 (_)=j(7cosx1 +75mx1 +Wx2) y _=j(75mx1) T = [k(ﬂ
Y =X L3’ = X1
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Equilibrium of LTI systems

Let's assess the presence of equilibrium in LTI systems

{J&(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
Let'ssayx(t) =0atu(t) =u

0=Ax+Bu T—) Ax=-Bu —» x=-A"1Bu

[ det(4) # 0 ] The equilibria are: Ax = —Bu

The system Ax = —Bu can have
[ det(4) =0 ] * infinite solutions
 No solution

:if’/»ﬁ'qsﬁa, UNIVERSITA :
| h/\l' )* | DEGLISTUDI | dilngeg
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Stability

An equlibrium X is said to be stable if, for each € > 0 there esists § > 0 such that for each initial

state x, that satisfies:

It results

X0 =Xl <6

lx(t) — X[ <e t=0

A
X € [ T T T e e e e
X+ 6
X Nominal
Movement
X — € e
>
(0 | st 73
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Stability

An equilibrium X It is said to be unstable if it is not stable.

For eache > 0 does not exist § > 0 such that for each initial state x, that satisfies:

lxog — x|l <6
It results
|lx(t) —x|| <e t=0
A

X € [ T T e e e e e e e s

X+ 6

X Nominal
Movement

X — € e
>

/ } UNIVERSITA
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Stability

An equilibrium X is said to be asymptotically stable if, for eache > 0 Exists § > 0 such that for all
initial states x, that satisfy:

X0 =Xl <6

It results
lx(t) —x|]|<e t=0 e lim|x(t)—Xx||=0
t—o0
A

X € [ oo T T T e e -

X+ 6

X Nominal
Movement

X — € e
>



Stability of LTI systems

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

The nominal movement of an LTI system is given by Lagrange's formula:

t
x(t) = edtx,o + f eAt—DBy (1) dt
0

Assuming a perturbation of the initial condition x;; = X + §; We get the perturbed

movement:

t
x(t) = eflx + J eAt—DBy (1) dt + 465
0
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Stability of LTI systems

t
x(t) = eflx + j eAt=DBu(r) dt + e4t65
0

The perturbed movement differs from the nominal movement only in that §x(t) =

e4t5;. We can therefore deduce that, for an LTI system:

 The perturbed movement does not depend on the particular state of equilibrium. We

can therefore speak of the stability of the system (= global property)

 The difference between the nominal and the perturbed movement depends on the

values assumed by the matrix A

/e i50~Ns | UNIVERSITA
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Stability of LTI systems

f(t) — X = eAt6_f

We can deduce that:

lim e4t = 0

t—oo
- Unstable system e4t diverges with t - o
- Stable System et bounded Vt

:‘:VA{?EE]NE UNIVERSITA
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Stability theorem of LTI systems

1. A (continous time) LTI system is if and only if all

eigenvalues of matrix A have

Re(s;) <0, Vi

2. An LTl system is unstable if matrix A has at least one eigenvalue with positive

real part
Hl* Re(si* ) >0

3. An LTl system is stable if matrix A has all eigenvalues with negative real part
and one null
Re(s;) < 0, Vi
31i* : Re(s;+) =0

/Aqh UNIVERSITA partiment
i Hl/\lﬂ )2 | DEGLISTUDI | dilngeg , .
"f%}j{ﬁ\' DI BERGAMO | dellInfor e e della P a0




Area of asymptotic gtability

Stability Limit

Re(s;) =0

Region of as. stability
Re(s;) <0

» Re

=N

Region of instability
Re(s;) > 0

n'F2'" | pIBERGAMO |




Properties of LTI systems

1. An as. Stable LTI system, if perturbed, tends to return to equilibrium before
the perturbation.

2. Atany constantinput u is associated one and only one state of equilibrium
X

3. A system as. stable is not affected by the initial conditions (the
movement of the state depends only on u(t))

4. With zero input, the movement of the state tends asymptotically to zero.

5. With u(t) = u the output of an as. stable system tends to the stationary
value y.

6. If the input is bounded, the output of an as. Stable LTI system will also

,,,,,,,,,
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